1900. ] TETRAHEDRAL GEOMETRY. 417 


SOME REMARKS ON TETRAHEDRAL GEOMETRY. 
BY DR. H. E. TIMERDING. 


(Read before the American Mathematical Society, June 27, 1900. ) 


1. Any two quadric surfaces have in general a common 
self-conjugate tetrahedron. If we refer to it a system of 
homogeneous point codrdinates z,, x,, the equations 
of the two quadrics take the forms : 


9:2; + 94, + 95%, + 9,0, = 9, 
ha? + hw? + hx? + 0. 


(1) 


Now the polar planes of a point with respect to these two 
quadrics cut each other in a straight line, which we may 
also find as the polar line of the given point in the follow- 
ing way, starting from the quartic curve of intersection of 
the two quadrics: We draw the two chords of the quartic 
curve which pass through the point, and determine on each 
of them the fourth harmonic to its two curve points and the 
given point. Joining these two fourth harmonic points we 
have at once the required polar line. 

We fix a straight line in space by Pliickerian line co- 
ordinates, viz., if x, y, be the coordinates of any two points 
upon the line, by the six expressions 


(2) Pa TY. — 


Between them the identical relation exists 


(3) Pos Pru + Psi Por + Pir Ps = 0. 


The polar lines of all points in space, with respect to a 
quartic space curve of the first species, form a complex of 
lines. This complex has been called by Reye a tetrahedral 
complex. If z, be the coordinates of the point, we imme- 
diately find for the coordinates of its polar line 
(4) Pa = 
by making 
(5) Ia = gh, Ih 
These magnitudes g,,, which also satisfy the condition 


(6) + + 9129s, = 9 
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may be regarded as the codrdinates of the quartic curve 
referred to its fundamental tetrahedron, whose vertices are 
the vertices of the quadric cones passing through the curve. 

The equations (4) give a representation of the lines of 
the tetrahedral complex by means of the codrdinates of 
their ‘‘ poles.’? From them we find the other representation 


14 912934 


whence the necessary condition (3) is, by (6), at once de- 
rived. 

The fundamental] tetrahedron has the singular property 
that every straight line lying in one of its faces, and every 
line passing through one of its vertices belongs to the tetra- 
hedral complex. In fact, one codrdinate of each of the three 
Pairs Po Pr» Py, then vanishes, and the double 
equation (7) is satisfied. 

The tetrahedral complex is of the second degree. Those of its 
lines which pass through any point constitute a quadric 
cone, which is circumscribed about the fundamental tetrahe- 
dron ; and the lines lying in any plane envelop a conic sec- 
tion of this plane. which is inscribed in the fundamental 
tetrahedron, as wil] be shown hereafter. 

Since the tetrahedral complex is given by the ratios of the 
three binary products 


Px Pi Ps Pw 
and their sum is always 0, any equation 


(8) 4, Pos + Par Pos + 45 Pir = 9 


may be regarded as defining a tetrahedral complex. 

We may enquire for the quartic space curves, by aid of 
which this complex is to be obtained. Their fundamental 
tetrahedron must, of course, be that of the tetrahedral com- 
plex, and the condition their coordinates g, must satisfy is 
at once found, by supposing 


to be 
(9) + + 43 9129s, = 9- 


This form is the same as that of the proposed equation of 
the complex of lines, and we can say that this triply infinite 
set of quartic curves is also a tetrahedral complex. 


— 
— 
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2. Instead of taking the polar planes of points with re- 
spect to two quadric surfaces, we may join the poles of any 
plane with respect to the same surfaces, and we shall thus 
obtain the same tetrahedral complex of lines. For, if u,, x, 
be the coordinates of any two planes passing through a 
given straight line, we may also denote the magnitudes 


(10) Va UY, — UY, 

as coordinates of the line, and we then have 
= Pry = Pu = Pu» 
Px In = Pr- 


But the line, which joins the poles, with respect to the sur- 
faces (1), of a plane with coordinates w, has itself in this 
sense the following coordinates : 


(11) 


w, 


2 
whence, by virtue of (11), the relation (7) is again 
derived. 

Now let us consider, instead of only two quadrics, all 
quadrics having the same common curve. Then for any point 
we obtain a pencil of polar planes with respect to these sur- 
faces, and the pencils thus found for all points of space are 
in a projective relation. This relation is such that the 
planes passing through the same vertex of the fundamental 
tetrahedron are always corresponding planes; and the planes 
joining the lines of the tetrahedral complex, as axes of these 
pencils of polar planes, to the vertices of the fundamental 
tetrahedron have all therefore the same anharmonic ratio. 
Hence reciprocally : If we determine the straight lines.such that 
the planes joining them with four given points have the sume an- 
harmonic ratio, then these lines form a tetrahedral complex. 

If we take the quadrics inscribed in the same quartic 
developable, then the poles of any plane with respect to 
these quadrics lie upon a straight line, and the straight 
lines thus obtained are in a projective relation. This rela- 
tion is such, that the points where the straight lines meet 
the planes of the fundamental tetrahedron are correspond- 
ing points of the lines. Hence, as above: If we determine 
the straight lines whose points of intersection with four given 
planes have the same anharmonic ratio, these lines form a tetrahe- 
dral complex. 
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As a corollary we find that, the fundamental tetrahedron 
being known, a tetrahedral complex is wholly given by one 
of its lines. With regard to every tetrahedron the straight 
lines in space are divided, in an entirely determinate man- 
ner, into a set of tetrahedral complexes. 

If we draw in two faces of the fundamental tetrahedron, 
through their points of intersection with a line of the tetra- 
hedral complex, the straight lines to those vertices of the 
tetrahedron which are not common to both planes, then we 
get, varying the line of the complex, in the two planes two 
projective pencils of rays, and every line meeting two cor- 
responding rays of these pencils belongs to the tetrahedral 
complex. Hence it is evident how all lines of the complex 
may be found, if the fundamental tetrahedron and one line 
are given. 

The analytical proof is very easy. For, the points of in- 
tersection of the line whose codrdinates are given by (4) 
with the first and second plane of the fundamental tetrahe- 
dron have coordinates x, and y,, determined thus : 


= 0, 2, = Pye Pras * Pig = * 
O, Ys 2 = Por * Pos Pog = * Ite 
Hence 


Gu % % 
923 


which proves the theorem. 

3. From the poles of any planes, with respect to one 
quadric, we obtain the poles of the same planes, with re- 
spect to another quadric, by a collinear transformation. 
Hence: If we transform the points of space by a collinear trans- 
formation and join every point with its corresponding point, these 
lines will form a tetrahedral complex, whose fundamental tetrahe- 
dron is determined by the self-conjugate points. Reciprocally : 
If we transform the planes of space by a collinear transformation 
and cut every plane by its corresponding plane, the lines of inter- 
section will form a tetrahedral complex, whose fundamental tetra- 
hedron is determined by the self-conjugate planes. 

For an analytical proof suppose 


h,=h,=h=h,; 


then [compare (4)] a line of the complex has codrdinates 
of the following form : 
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or 

Pa = YA 

by making 

(14) = 94, (i=1, 2, 3,4). 


But these equations represent a general collinear transform- 
ation, whose fundamental tetrahedron is that of the tetra- 
hedral complex. 

Instead of the one transformation just obtained, we may 
employ any transformation of the’form 


(15) (9; A) 
where 2 is an arbitrary parameter, and arrive at the same 
tetrahedral complex. All these transformations are said to 
form a pencil. They convert every line of the complex into 
itself, and we obtain by them successively all points of the 
line from any cue point upon it. 

Starting from planes, we get our tetrahedral complex by 
any transformation of the form 


(16) (7,—4)u,, (t= 1, 2, 3,4), 
where v, and w, are plane coordinates and 
1 
17 


In fact, these equations give, for the line of intersection of 
two corresponding planes, the following coordinates : 


(18) Ig UM, — = (7; » 


and this line belongs to the same tetrahedral complex as 
that given by (13). 
The transformation (16) is expressed, in point coérdin- 
ates, as follows: 
1 


(19) 


All these transformations, which we obtain by varying 2, 
are said to constitute a series. By them the planes through 
any line of the complex pass one into another, and are all 
to be found from any one among them. 

4. If, in the expressions 


(13) 


2, (i=1, 2, 8, 4). 


Pa= (9-9) 
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we put 


(20) 2,=fu,, Whence 4, =F, 
and, regarding the u; as plane coordinates, write q, for p,, 
we do not change the tetrahedral complex. But 


2 
21 22,4 +2,=0 
( ) 1 2 ts 3 4 


represents the polar plane of the point with coordinates 
z, with respect to the surface 


(22) 


and this is a general quadric, for which the fundamental 
tetrahedron is a self-conjugate one. Thus we see, that a 
tetrahedral complex remains unaltered, if in place of each of its 
lines we take the reciprocal polar of this line with respect to any 
quadrie surface having the fundamental tetrahedron for a self- 
conjugate tetrahedron. 

On the other hand, let 


Ga = YA YF; 


be the codrdinates of any line ; then its reciprocal polar for 
the surface (22) has the coordinates 


Pu 


hence, whatever be the values of the f,, we have 


If we take the reciprocal polars of a straight line for all quadric 
surfaces having a certain common self-conjugate tetrahedron, these 
polars will form a tetrahedral complex which contains the given 
line and whose fundamental tetrahedon is the common self-con- 
jugate tetrahedron. 

5. By regarding, in the equations (19), z; as fixed and 4 
as variable, we see that every point is transformed by the 
transformations of the series into the points of a cubic space 
curve. We must suppose the right members of the equations 
to be multiplied by the common factor 


(mn —4) (2 —4) (1s 4) — 4) 5 


x; x, a2 
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then they all are cubic functions of 4 and vanish for three 
of the values 7,, 72, 7s; 71, Whence for 4 = 7, three of the coor- 
dinates y are = 0, and only y, is +0. Thus the cubic curve 
is circumscribed about the fundamental tetrahedron. I call 
this curve a pole curve of the tetrahedral complex, and the 
point with coordinates z, its pole. 

This curve has the singular property, that every one of its 
chords is a line of the tetrahedral complex, as it is easily shown. 
For, let 4, #-be the parameters of the points where the 
pole curve is met by a chord ; then the coordinates of this 
chord are 


Hence, if we put 
Zz, 


w;= 
-*) 
write g;, for px, and suppress the common factor 4 — 7’, we 
find 
Jn = — WM, [see (18)]. 


Every cubic space curve is contained upon a doubly in- 
finite set of quadric surfaces. They all are ruled surfaces, 
and one of the two sets of straight lines upon them is formed 
by chords of the cubic curve. In our case the surfaces pass- 
ing through the pole curve are covered by an infinity of com- 
plex lines, and may be generated by a line moving in the 
tetrahedral complex. We shall call them simply quadrics 
of the complex. Any two pole curves lie upon one quadric, 
and this is always a quadric of the complex. 

6. Before inquiring into the general equation of these 
quadrics, let us find first the equations of the four cones 
projecting a pole curve from the vertices of the fundamental 
tetrahedron. This is immediately done if we omit one of 
the four equations (19), for instance the last, and eliminate 
2 from the proportion 


Z, 
or 2 (7,4) (4 —4)- 


Multiplying the several terms of this proportion by 7, — 7,, 
— 7, and adding, we get 


3 
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Finally we make 
(23) 


and then obtain the required equations of the four cones in 
question 
+ + = 9; 


+ + = 9. 

The magnitudes r,,, again subject to the condition 


fix the pole curve among the cubic curves circumscribed about 
the fundamental tetrahedron, and may be regarded as its 
coordinates in the system of these curves. Then the equa- 
tions (23) show that one of these curves is a pole curve of 
the tetrahedral complex of lines given by the equation 


4 + 4, PsP + =0 
if between its coordinates the relation exists 


(24) 


The pole curves of a tetrahedral complex of lines form again a tet- 
rahedral complex among the cubic space curves circumscribed about 
the fundamental tetrahedron. 

7. If we multiply the equations (24) respectively by 7,, 
> Iq 7, and add them all, we immediately find the follow- 
ing expression for a quadric surface containing the pole 
curve : 


(26) + — dats + — 1) 
(%s 14) + Ne )T = 0. 


These surfaces constitute a double infinity, since the equa- 
tion of one of them is not altered, if we add any arbitrary 
constant to the 7’s, or multiply them by a common factor. 

If we put the foregoing equation identical with the fol- 
lowing 


supposing always 
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(28) 


and denoting generally the a, as coordinates of a quadric 
circumscribed about the fundamental tetrahedron, we find for 
these magnitudes such expressions as 


a = 4, 


= (%— In = etc., 


or if we substitute the values of 7, from (23), we get 


(29) as = (a — = Ts) ete., 
"4 
and hence 
4 a 
1 2 
where 
G, G; 
(31) 
= (92 — 9s) (G1 — 94) (Ys — $1) (92 — — 92) (Gs — 9) 
so that 
(32) G+ G:+ 
and 
(33) _ PuPu _ PruPs 


G, G, G4; 


represents the tetrahedral complex of lines. The equation 
(30),swhich defines a set of four dimensions among the 
five-dimensional multitude of quadrics circumscribed about 
the fundamental tetrahedron, gives the necessary and suffi- 
cient condition that one of these quadrics is a quadric of 
the tetrahedral eomplex. 

Especially we may consider the cones among these quad- 
rics of the complex. Every point in space is the vertex of 
one of them, and the cone itself is generated by the com- 
plex lines passing through this point. The equation of 
such a complex cone is at once derived from (26), if we 


and substitute for the r, their values (23). We then get 
4G, 


(34) 


2,2, 232, 22, 
G, G, G, 

2,2, 2,2, 2,2, 
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whence 
(35) V dnt, + + ¥a,,a,, = 0. 
Rationalizing, we may write this same relation 
|O0 a, a, a, | =9, 
a, 0 
as, 0 Gs, 
| 0 | 


and this is in fact the condition, that the quadric (27) 
should become a cone. Thus, the complex cone belonging 
to a point with coordinates z; has the equation 


1 


8. The foregoing considerations may be repeated in the 
reciprocal form, without undergoing any other change or 
restriction, except that in place of the 7, we must take their 
reciprocal values g, Instead of the pole curves circum- 
scribed about the fundamental tetrahedron we then get cubic 
space curves inscribed in it, whose osculating planes inter- 
sect in pairs in lines of the complex. The coordinates of 
the points of these curves are represented by a variable 
parameter as follows : 


(37) — A)’, (i=1, 2, 3, 4), 


where the m, are certain magnitudes. Indeed, it is at once 
clear that the points in which this curve intersects any 
plane of the fundamental tetrahedron coincide. These 
four planes are, therefore, osculating planes of the curve 
and their points of contact correspond respectively to the 
values 9;, 92, Js, 9, Of the parameter /. 

There exists not only a system of quadrics circumscribed 
about the fundamental tetrahedron, which are covered by 
complex lines, but also a system of inscribed quadrics enjoy- 
ing the same property. Any quadric inscribed to the funda- 
mental tetrahedron has an equation of the form 


| 0 Ay | = 0, 


a, O Ay 


0 


Gs. O Ay 
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and the same equation (30) expresses the condition that 
the surface may be generated by lines of the complex. 

The lines of the tetrahedral complex which lie in a given 
plane envelop a conic section of this plane touching the 
four planes of the fundamental tetrahedron. We call it a 
a complex curve. Then from (36) we see at once that, if 


WX, + Wt, + + WX, =0 
be the equation of the plane, the equation of its complex 
curve in plane coordinates », is 


Hence the four cones projecting the conic from the vertices 
of the fundamental tetrahedron have, in point coordinates, 
the following equations : 
2, + V2, + 8,72, = 0, 


(39) — 
8,72, + 8/2, + 8,72, = 9, 
+ + 8/2, = 0, 
if we make 
(40) Gww,, ete. 
The s, , bound to the identical relation 
(41) + 85:84 + 8.85, = 9, 


are the coordinates of the complex-curve among the totality 
of conics inscribed to the fundamental tetrahedron. From 
(40) we derive 


The complex-curves of a tetrahedral complex of lines form again 
a tetrahedral complex. 

9. We add, in conclusion, a few remarks on the pole 
curves of our complex, the coordinates of whose points are 
represented by a variable parameter, as follows : 


(19) (¢=1, 2, 3, 4). 
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The plane joining three points of the curve corresponding 
to parameters 4, 2’, 2” has the equation : 


9H 


—*) 


(43) 


Hence we find the equation of the osculating plane at the 
point whose parameter is 4 
CO) 


where f’(/) denotes the derivate function of 
= (y,—4) (y, — 4) (7, — 4) 4). 


Now the osculating planes of a skew cubic in the three 
points where-a plane meets the curve intersect in a point 
of this plane, and thus by means of the cubic curve there 
is associated with every plane a point lying in it, and recip- 
rocally to every point a plane passing through it. This 
correspondence between the planes and points in space has 
been called by Moebius a null system (Nullsystem);* every 
point is the null point of its corresponding plane, and every 
plane the null plane of its corresponding point. Denoting 
by u, plane coordinates and by x, the coordinates of the con- 
jugate point, we have, for any such transformation, a rep- 
resentation of the following form : 


Prk, + + 
(45) = Pat, Dost, + Pa Xs 
Us = + + 


U, = + + Pests 


* This name has been chosen, because for the lines in a plane passing 
through its null point, or for the lines through a point lying in its null 
plane, the moment of a certain system of forcesis zero. 
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where always 


Pat Pu = 9%. 


If we ask what the values of these magnitudes p,-are for 
the pole curve (19) just considered, we find the following 
expressions : 


Ps 2025 Pu 2,2, ? 

(46) Ps 2521 ? Pu 
(7s — 74) 72)” (n—- rs)" 

Pr » Ps 


or, if we like, 


Pz = Grn; Ps = Gyr. 
Pu = Pu = 


[compare (23) and (31)]. 

To verify this result, it suffices to show that the plane 
corresponding to any point of the pole curve is the osculat- 
ing plane at this point. Let 4 be the parameter of the point 
and 


(46’) 


+ Ux, + = 0 


the equation of the corresponding plane. Then, consider- 
ing first the coordinate u,, we find for it 


(11-4) 2-4) — 
But the right side of this equation is easily shown to be 


(7: Ys) (7s (nH 12) (7 


This equation is to be multiplied by (7,— 4) on both sides ; 
and if we add the corresponding equations for w,, u,, u;, 
which are at once obtained by a cyclic permutation, and 
omit the common factor (7, —4) (7,—4) (7; —4) (4-4) 
at the left, we finally get 
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) a)? 


w= 


as it should be. 
From (46) we still derive the following relation : 


This is the necessary condition for the determining mag- 
nitudes of a zero system, if it is to be found from a skew 
cubic cireumscribed about the fundamental tetrahedron. But 
we should have found the same equation by starting from a 
skew cubic inscribed in the fundamental tetrahedron. In 
fact, by applying the polar transformation, which is simply 
represented as follows : 


we get instead of the circumscribed pole curve an inscribed 
cubic space curve, which furnishes the same zero system, 
and hence also the equation (47) remains unaltered. 


STRASSBURG I. E., 
March 15, 1900. 


4 
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ON SINGULAR TRANSFORMATIONS IN REAL 
PROJECTIVE GROUPS. 


BY PROFESSOR H. B. NEWSON. 


(Read before the American Mathematical Society, April 28, 1900.) 


A sINGULAR transformation in a continuous group has been 
defined as one that can not be generated from an infinitesi- 
mal transformation of the group. There have recently ap- 
peared in this country several papers* dealing with ‘the 
question of singular transformations in continuous groups, 
and in particular in the subgroups of the projective group. 
The authors of all these papers use the same method, viz., 
Lie’s theory of continuous groups, and consider the vari- 
ables and parameters to be complex numbers. 

In this paper it is proposed to treat those transformations 
in real projective groups which can not be generated from 
the real infinitesimal transformations of these groups. I 
shall make use of a radically new method of treatment, in 
fact an independent theory of these groups. In what fol- 
lows the discussion will be limited to real projective trans- 
formations in one and two dimensions. The method admits 
of ready application to three and higher dimensions. 


§ 1. Real Transformations in one Dimension. 
Every projective transformation in one dimension 


_ az +b 


T a+d’ (1) 
can be reduced to one or other of the normal forms 


In the first form k is the cross ratio of the two invariant 
points A, A’ and the pair of corresponding points 2, x, For 
any transformation of this form the cross ratio k is the same 
for all pairs of corresponding points. The invariant points 
A, A’ and the cross ratio k are the geometric constants of 
the transformation. 


* Rettger, Amer. Jour. of Math., vol. 22, p. 60.; Proc. Amer. Acad., vol. 
33, p. 493; Williams, Proc. Amer. Acad., vol. 35, p. 97; Taber, BULLETIN, 
vol. 6, p. 199, and several other papers by the same author. For refer- 
ences to these, see footnote on page 61 of Rettger’s paper in Amer. Jour. 
of Math., vol. 22. 
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There are two cases under (a) to be considered: (1) When 
the points A, A’ are both real, k is also real; this is the 
hyperbolic case. (2) When the points A, A’ are conjugate 
imaginary, kis a complex number of the form e®, i. e., |k|= 1. 
These cases must be discussed separately. In the parabolic 
case (b) we have a single real invariant point A and a real 
constant a. Every real projective transformation of one 
dimension is either hyperbolic, elliptic, or parabolic. 

In the hyperbolic case all transformations which have the 
same real invariant points A, A’ but different values of k 
form a one parameter group, and k is the variable parameter 
of the group. Two transformations T and T, whose cross 
ratios are respectively k and k,, combine to form T, whose 
cross ratio k, is equal to the product of k and k,; thus k, = 
kk,. The identical transformation in the group hG(A, A’) is 
given by k=1; and two distinct infinitesimal transformations 
in the group are given byk=1+ 06. Every transformation 
of the group for which £ is positive and k >1 can be generated 
by repeating the infinitesimal transformation k =1 + ¢ a suf- 
ficient number of times; every transformation for which k is 
positive and k < 1 can be generated from the other infinitesi- 
mal transformation 1 — é; the transformations of the group 
for which k is negative are all singular transformations in the 
sense that they can not be generated from either infinitesi- 
mal transformation of the group.* All transformations of 
(1) for which the determinant 


are hyperbolic with negative k, andare therefore singular 
transformations. 

In the one parameter elliptic group eG, two transforma- 
tions also combine by multiplying their constants; thus 
k, = kk,, or = e, whence 0, The iden- 
tical transformation is given by e® = 1, ¢., by 0=0. 
Two infinitesimal transformations are given by k = e**. 
Evidently all transformations in the elliptic group eG, can 
be generated from either infinitesimal transformation of 
the group. 

In the parabolic case we have a single invariant point A and 
a constant 2, both of which are real. Two transformations 
of a one parameter group combine by adding the constants, 


*The pair of inverse transformations for which k — 0 and o respec- 
tively need not be excluded from the group, but their exceptional charac- 
ter as limiting cases should be noted. 


lab 
led| <° 
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thus 4,=a+a,. The identical transformation is given by 
a=0,and two infinitesimal transformations have as con- 
stants + da, Every transformation with positive 2 in the 
group pG, can be generated from the infinitesimal transfor- 
mations + 4a, and every transformation with negative a can 
be generated in like manner from — éa. Hence there are 
no singular transformations in the real parabolic group 

G,. 
5 Turorem 1. In one dimension all real hyperbolic transforma- 
tions with positive k, all real elliptic and parabolic transformations 
are non-singular ; all hyperbolic transformations with negative k 
are singular transformations. 

The one parameter hyperbolic group is composed of three 
subdivisions as follows: all transformations with 1 <k<o« 
form subdivision I.; all with 0 <k< 1 form subdivision II. ; 
all with negative k form subdivision III. A one parameter 
parabolic group is composed of two subdivisions ; all trans- 
formations with positive a form subdivision I., and all with 
negative a form subdivision II. The one parameter elliptic 
group shows no such subdivisions. 

One of the foundation stones of Lie’s theory of continu- 
ous groups is that every one parameter continuous group 
contains one infinitesimal transformation, and that all finite 
transformations of the group can be generated from the in- 
finitesimal transformation of the group. We have seen 
that the real one parameter groups hG,, eG,, and pG, each 
contain two distinct infinitesimal transformations, one 
positive and the other negative. There is no vital contra- 
diction here, for in Lie’s theory no distinction is made be- 
tween positive and negative infinitesimal values of the 
variable parameter of a group: in the most general form of 
his theory the parameter is a complex variable, so that pos- 
itive and negative distinctions are out of place. However, 
for real groups the distinction between the two infinitesimal 
transformations of a one parameter group requires recogni- 
tion. 

We have seen that all elliptic and parabolic one parameter 
groups can be generated from infinitesimal transformations 
belonging to those groups, but all the transformations of a 
hyperbolic group can not be so generated. Yet the hyper- 
bolic one parameter group AG, is clearly continuous. It 
follows at once without further elaboration that the con- 
tinuity of a real one parameter projective group is not co- 
extensive with its generation from an infinitesimal trans- 
formation of the group. 
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$2. Real Projective Transformations in the Plane. 


We come now to the consideration of real projective trans- 
formations or collineations in the plane. Every projective 
transformation of the plane belongs to one of the five types 
enumerated by Lie in his ‘‘ Continuierliche Gruppen,’’ page 
66. The normal forms of the equations of these five types 
were given by the writer in the Kansas University Quarterly, 
Series A, vol. 7, pages 43-66. Making use of these normal 
forms we can determine the structure and properties of the 
continuous groups of projective transformations in the plane 
in a manner similar to that used above for one dimension. 

Type I. What I have called the implicit normal form for 
a transformation 7 of type I is given by the equations 


A” 1, pa" Br BY BY 


Here A, B; A’, B’; and A”, B” are the coordinates of the 
three vertices of the invariant triangle of 7, and k and Kk’ are 
two independent cross ratios ; k is the cross ratio of the one 
dimensional transformation along the invariant line joining 
(A, B) and (A’, B’); F is the cross ratio of the one dimen- 
sional transformation along the line joining (A, B) and 
(A", 

There are two cases to be considered. The invariant tri- 
angle is either real in all its parts or has one real and two 
conjugate imaginary vertices. These are respectively the 
hyperbolic and elliptic cases and must be treated separately. 
In the hyperbolic case k and & are both real quantities, 
while in the elliptic case they are both complex quantities. 

Let T(k, k’) and T(k,, k,’) be two hyberbolic transforma- 
tions having the same invariant triangle. It may readily be 
verified from equation (3) that their resultant is T(k,, k,’) 
where k, = kk, and k,’=/i’k,’. All transformations having 
the same invariant triangle form a group of two parameters, 
kand & being the independent parameters of the group. 
k and k’ may assume in turn all possible real values; thus 
our group hG,( ABC) is continuous. 
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The two parameter group hG, contains an infinite number 
of one parameter subgroups, and we proceed to determine 
these. All transformations in hG, for which the two par- 
ameters satisfy a relation of the form ’ = k’~’, where r is a 
constant, form a one parameter subgroup ; and conversely, 
in all one parameter subgroups, k and k’ satisfy a relation 
of this form. There are different subgroups for different 
values of r. Geometrically,* r is interpreted as the constant 
cross ratio of certain four points on the tangent to a path 
curve of hG,(r), viz., the point of tangency T and the points 
of intersection of the tangent with the sides of the invariant 
triangle. These four points are all real for a real hyper- 
bolic group and hence r is also real. 

In order to study the distribution of the oo’ transforma- 
tions of 4G, into one parameter subgroups we resort to a 
geometrical device as follows: Let k and # be the rectang- 
ular coordinates of a point in a plane (not to be confused 
with the plane of our transformation). It is evident, since 
k and Kk’ are independent parameters, that there is a point 
in the plane corresponding to every transformation of the 
group hG,(ABC). Since all transformations, whose par- 
ameters k and /’ satisfy the relation k’ = k'”, form a one 
parameter subgroup of hG,, we see that the curve y = 2'” 
represents this subgroup and the individual points of the 
curve represent the individual transformations of the group. 
If we give to r all real values, we have a family of curves 
which represent the system of subgroups of hG,( ABC). 

From the properties of this system of curves we deduce 
the following results: If r is an irrational number, the 
curve y = z'~’ contains no real point for which either coordi- 
nate is negative ; the curve lies entirely in the first quad- 
rant. Ifrisa rational fraction with odd numerator and 
odd denominator, y cannot be negative, and the curve lies 
above the axis of x in the first and second quadrants. If r 
is rational with odd numerator and even denominator, the 
curve lies in the first and fourth quadrants. If r is rational 
with even numerator and odd denominator, the curve lies 
in the first and third quadrants. 

Every curve passes through the point (1, 1), which shows 
that the identical transformation belongs to every subgroup. 
The curves of our family contain every point in the first 
quadrant, but not every point in the second, third, and 
fourth quadrants. Consequently our two parameter group 
hG,(ABC) contains transformations which do not belong to 
any of its subgroups. Such a transformation has one or both 


* Lie, ‘‘ Contin. Gruppen,’’ p. 78. 
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of its cross ratio constants negative, and their values are 
such that they do not satisfy an algebraic equation of the 
form k’" = k", where m and n are integers. 

The variable parameter of every one parameter group in 
hG, (ABC) isk; and every one parameter group contains 
two real infinitesimal transformations, viz., when k = 1+ @. 
Each infinitesimal transformation generates its correspond- 
ing portion of the group. Every transformation in the 
group hG,(ABC) for which both k anc F are positive 
ean be generated from an infinitesimal transformation of the 
group, while no transformation for which either k or F’ is 
negative can be so generated. Thus the group hG, contains 
three singular transformations for every non-singular * one. 

The failure of Lie’s theory to express fully the relations 
here set forth for the real group hG,( ABC) is due to the 
fact that he assumes k and #’ to be of the form ¢ and e”, 
thus silently excluding from consideration negative values 
of k and k’. 

We turn now to the consideration of the real elliptic 
group eG,(ABC) in which the invariant triangle has one 
real vertex A and two conjugate imaginary vertices B and 
C. The invariant line BC is a real line, and the one dimen- 
sional transformation along that line is elliptic, for the two 
invariant points on it are conjugate imaginary. The quan- 
tities k and /’ in equation (3) are both complex numbers ; 
but the necessary and sufficient condition that the transfor- 
mation 7 shall be real is that & and k’ shall be conjugate im- 
aginary numbers. Thus the real elliptic group eG,( ABC), 
instead of having two independent variable parameters k 
and k', has only one, viz, k; but this is a complex number 
and may assume in turn all possible complex values. Con- 
sequently the group eG,(ABC) contains a transformation 
corresponding to every point in the complex plane. 

The question of the distribution of the transformations 
of eG,(ABC) into one parameter subgroups and their gen- 
eration from infinitesimal transformations of the group need 
not detain us long; for this group is holoedrically isomor- 
phic with the group G,(mn) of circular transformations of 
the complex plane. This latter group was fully discussed 
by the writer in the BuLierin, Vol. 4, pp. 112-115. We 
learn, therefore, that every transformation of eG,( ABC) 
belongs to at least two distinct subgroups and may be gen- 


* The inappropriateness of the term singular transformation is hereby 
shown. The term would be more appropriate if applied to those trans- 
formations in hG,( ABC) which do not belong to one parameter sub- 
groups. 
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erated from at least two infinitesimal transformations of the 
group. We-sum up the discussion of type I. as follows: 

THEOREM 2. Every real elliptic projective transformation of the 
plane belongs to some one parameter group and may be generated 
from the infinitesimal transformation of the group; the same is 
true for every hyperbolic transformation for which k and k’ are 
both positive. All other hyperbolic transformations are singular ; 
and many of these singular transformations do not belong to one 
parameter groups. 

Type II.—The implicit normal form of a transformation 
of type IT. is as follows: 


} } 
|4B 1) B 1) B 1 
| | 
8 e 8s Oj |e 
AB jap al jae 
(?+s=1.) 


The invariant figure consists of two lines, their point of 
intersection, and a second point on one of these lines. We 
designate a transformation of this type by 7’, and its in- 
variant figure by (ABI). Along the invariant line AB 
there is a one dimensional hyperbolic transformation whose 
cross ratio is k ; while along the invariant line Al is a one 
dimensional parabolic transformation whose constant is a. 
For a real transformation k and a are both real quantities. 
Two transformations T’(k, 2) and having the 
same invariant figure combine to form 7,/(k,, 4,) where k, = 
kk, and 4,= a+ 4a,; T, has the same invariant figure as T’ 
and Thus all transformations of type II. leaving( ABI) 
invariant form a two parameter group G,'(AB/), the two 
parameters being & and a. 

The group G,{(ABl) contains o’ one parameter sub- 
groups ; to show these subgroups we assume a relation be- 
tween these quantities k and a, and consider only those 
transformations of the group G,' for which k and « satisfy 
the assumed relation. Let k = a* , where a is a constant ; 
all transformations in G,/ satisfying this relation form a 
one parameter subgroup of G,’, a being the parameter. 


| 
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Within the group G,’ there are ' such one parameter sub- 
groups, one for each positive value of a. 

In order to study the distribution of the transformations 
in G, into subgroups and their generation from infinitesi- 
mal transformations, we resort to the same device as in type 
I. and make £ and « the rectangular coordinates of a point 
in a plane. The family of curves y= a’ represents the 
system of one parameter subgroups of G,'. For positive 
values of a these curves lie in the first and second quad- 
rants and completely fill the upper half of the plane. There 
are no continuous curves for negative values of a, and hence 
continuous subgroups of G,’ exist only for positive values 
of a. 

Two particular curves of the family deserve special atten- 
tion. For a very large value of a, the curve y = a’ differs 
but little from the axisx=0; hence in the limit when 
a= o the line z= 0 is a curve of the family ; on the other 
hand when a = 1 the curve reduces to the liney=1. In 
the first case x = 0 is the only curve of the family that 
penetrates into the lower half of the plane, and conse- 
quently the corresponding group is the only continuous 
subgroup of G,' containing transformations with nega- 
tive values of k. The transformations of the group 
corresponding to a= o are in reality not of type II. but of 
type 1V.; they are perspective transformations, the line Al 
being the axis and the point B the vertex of the transforma- 
tions of the group. The transformations of the group cor- 
responding to a=1 are of type V.; they are elations, 
the line AB being the axis and A the vertex of the trans- 
formations of the group. 

Each one parameter subgroup of G,' contains two infini- 
tesmal transformations, one positive and the other negative. 
Every transformation in a subgroup of G,' may be gener- 
ated from one of its infinitesimal transformations, except 
the transformations with negative k in the perspective sub- 
groupa=o. The transformations properly of type II. in 
G for which k is negative do not belong to continuous sub- 
groups of G,’ and cannot be generated from infinitesimal 
transformations of the group. 

THEOREM 3. All real projective transformations of type II. for 
which k is negative are singular transformations and do not be- 
long to one parameter groups. 

Types III., IV., V.—The remaining types of projective 
transformations in the plane viz., types III., IV., V. may 
be passed over rapidly. The invariant figure of a transfor- 
mation of type III. is a lineal element Al. There are o* 
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transformations of type III. leaving invariant the same 
lineal element and these form a three parameter group G,’’ 
[Lie, (13)].* This three parameter group breaks up into o' 
two parameter subgroups G,” [Lie, (24)], andinto o’ one 
parameter subgroups G,” [Lie, (37)]. Every transforma- 
tion in G,’ belongs to a one parameter subgroup and may be 
generated from a real infinitesimal transformation of the 
group. Hence thereare no singular transformations of this 
type. I give the facts only without the proof. 

Every real projective transformation of type IV. leaves 
invariant a real point and a real line, the vertex and axis 
respectively of the transformation. Every line through the 
vertex is an invariant line and has on it two real invariant 
points. Along each invariant line is a one dimensional 
hyperbolic transformation, and all are characterized by the 
same cross ratio k. The latter may assume in turn all real 
values and we thus have a one parameter group of perspective 
transformations. The structure of this group is identical 
with that of the hyperbolic groupinone dimension. Hence 
all transformations of this group for which k is negative are 
singular perspective transformations. 

Along each of the invariant lines of a projective transfor- 
mation of type V. is a one dimensional parabolic transfor- 
mation with a real constant c. «a may assume in turn all 
real values and thus we have a one parameter group of type 
V. which is identical in structure with a one dimensional 
parabolic group. Hence there are no singular tranforma- 
tions of type V. 

THEoREM 4. All real projective transformations of type IV. for 
which k is negative are singular transformations. 

It is unnecessary to discuss in detail all groups of real 
projective transformations in the plane. The groups con- 
taining singular transformations discussed above enter as 
subgroups into many of the groups of higher orders ; and 
consequently these latter groups also contain such singular 
transformations. Any one who is acquainted with the 
structure of the projective groups of the plane can readily 
make the application for himself. 


KANSAS STATE UNIVERSITY, 
April, 1900. 


* These numbers refer to Lie’s list of perspective groups given on pages 
288-291 of ‘* Continuierliche Gruppen.”’ 
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ON GROUPS OF ORDER 8!/2. 
BY IDA MAY SCHOTTENFELS. 
(Read before the American Mathematical Society, June 29, 1900. ) 


§1. In the Butuetin, vol. IV. (1898), pp. 495-510, Dr. 
L. E. Dickson discusses the structure of the hypoabelian 
groups. Among the simple groups of the system J, occurs 
one of order 8!/2 (p*=2',m=3); this 2.3 or senary 
linear group is defined as the totality of linear substitu- 
tions on 2.3 indices, as follows : 


3 
(1) P (i= 1, 2, 3), 
=> (HE, + 
j=! 


satisfying the relations 


la 


Bi) Mi ai (i 
m1! 95 im | 
(2) 
a? a? 0 3 | 0 
ao | sa | =Y, 
j, 2, 8) ; 
3 3 3 
(3) = 0, = = 0, =m, 
I= I= 


(i= 1, 2,3; m=1, 2, 8). 


The present paper determines that the above group is abstractly 
the alternating group G%,,, ,and thus establishes a new proof of 
its simplicity.* 

Writing the substitutions (1) in square array, and con- 
sidering the elements of the group as the matrices of these 
coefficients, we have 


*Dr. L. E. Dickson in the Proc. of the Lond. Math. Soc., vol. 30, 
‘* The structure of certain linear groups with quadratic invariants,’’ pp. 
81 et seq., has proved the correspondence of these groups. 
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Ca? 7? oP (100000) 
a a a 7%! with the identity 0 0 1 0 0 0) 
a®) (8) (3) a® (3)| lo 0001 0) 
AP AP BP a?) 000001 


where 7, are the marks 0 and 1 of the G. F. [2"]. 
‘These matrices compound according to the general law of 


composition of matrices 
6 
A= (4,), B= C=(c,), AB=C, = Cie 


§ 2. Access to the above described group is obtained 
through the Dickson generators U,M,, Nia (A=1; 1, 7 =1, 
2, 3),* of the table p. 442, and elements E,’, E,/, ---, E,/ are 
determined having the following properties: 


> EY) {E,” = (E/E) y= (E/E; 
(i, i+1,j=1, 2, 6 ; t+1<j), 


where J is the identity element. 

§ 3. Making use of Theorems B and C of. Professor 
Moore’s paper ‘‘ Concerning the abstract groups of order k! 
and 4k! holoedrically isomorphic with the symmetric and 
alternating groups on k letters,’’ Proceedings of the London 
Mathematical Society, Dec. 10, 1896, vol. 28, pp. 358-359, the 
definite conclusions are arrived at that the generators 
E,', ---, satisfying the relations >(E/’, ---, E,’), with order 
greater than the limit prescribed in the above theorem C, 
and therefore, by theorem (C, satisfying no further relations, 
generate a groupG(£,’, ---, E,’), and this group G(E/, ---, E,’) 
is holoedrically isomorphic to the alternating group of de- 
gree eight G;,,, and is therefore simple; but the original 
senary group, as Dr. Dickson + has proved, is of order 8!/2 ; 
it is therefore identical with its, as we may say, alternating 
subgroup G(E,’,---, and is therefore simple. 

§ 4. The elements M, M, P,; t (i,j = 1, 2, 3), taken in 
pairs, thus M, M,, P,,; M, M,, P,,; M, M,, P... play a most im- 


* BULLETIN, loc. cit., p. 496, § 8; Ny,(4—0) is the identity element 
in the G. F. [2]. 

t loc. cit., 2 5. 

BULLETIN, loc. cit., 23; transformed by Niji = Qin, Qi trans- 
formed by Qja = Py. 
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‘portant réle; the discovery of their simple combinational 
properties forms the basis of this paper, namely the deter- 
mination of S, an element of period seven, 


= (MM, - Ny, Nin Pr Pas) 5 
the element T of gens three 
= 121 ° ; 


and the elements W and F defined in the next paragraph. 

$5. The elements --, E,{ were derived from suitable 
combinations cf the two elements, W of period four and R 
of period fifteen, 


W =(TS'.P,,), R=(TS'.M,M,); 


in fact E,’, ---, E,{ are identically the functions of Wand R 
that e,,--- ,¢, are of ¢, and ¢, in Prof. Moore’s article: ‘‘Con- 
cerning the general equations of the seventh and eighth 
degrees,’’ Mathematische Annalen, vol. 51, p. 437, in which 
the identity is established of the alternating group of degree 
eight G;,,., and a certain quaternary group. FR and W enjoy 
the following properties: * 


S(R, W); R® =( WR) = (WR")'= (WR)? = 
(WR)! =( = I}. 


123° 


§6. Table exhibiting the matrices corresponding to the notation 
M, M, N; ip ete. 7 


1 M, 1 N, 21 M1 
(010000) (010000) (100100) (100001) 
100000 1100000 010000 1010000 
000100 j001000 011000 \001000 
001000 000100, 000100 (000100 
000010 1000001 000010; 1010010 
000001 000010 000001! 1000001 

Py Py; Pros 
(001000) (000010) (100000) 

}000100 1000001 
100000 001000 1000010 
010000) 1000100) 000001 
000010 100000) 001000 
1010000, 


* The relations =(R, W) are the same as the relations =(Q,, C,) of 
Prof. Moore’s ‘‘ Congruence group,”’ loc. cit., p. 436, marked (*),. 

+ The Dickson generators M,M,— M,M,- M,M, and N,,, are not used 
in the present paper. 


| | 
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S R W 
(200:1200) 12) 
jooLo00 1100101, \100001 
1100010) 1011000 1010110) 010110 
}000001) 1100000) 000101) 1000101 
011001) 000010) 100001) 1100101 
1100000. 1000001) 001111) 

E/ E/ Ef 
(100000) (@10101) (100000) (011111) 
100101); jo 10000 [100000] 011010 
1101001 1101001 101001) 1010110 
1011010 1010000 
}000001 000100 11143 

E,’ 
(910100) (100000) 

}001001) 

}010001) 00010) 

(1101001) 1101001) 

101111) 1001000) 

}000001) 110C110| 
CHICAGO, 

August, 1899. 


LOBACHEVSKY’S GEOMETRY. 
(SEconD PAPER. ) 


LopacHEvsky’s earliest published work on geometry, 
translated by Engel under the title ‘‘ Ueber die Anfangs- 
griinde der Geometrie,” * contains the elements of a system 
of analytic geometry under the hypothesis of a variable angle 
of parallelism, together with numerous applications to the de- 
termination of the lengths of ares, areas, and volumes. 
Some of this matter appears also in Lobachevsky’s article on 
‘¢Géométrie imaginaire’’ (Crelle, vol. 17) and more in his 
‘¢ Pangéométrie’’ (Kasan, 1856); but it is probably safe to 
say that the knowledge of this part of his work is not so 
general as that of the more elementary side of his theory, 
partly because of the difficulties involved in reading the last 
mentioned articles, and partly because of the fact that the 
widely known ‘‘ Geometrische Untersuchungen ”’ does not 


* See the BULLETIN for May, 1900, p. 339. 
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contain this analytic treatment. It is not the least of Profes- 
sor Engel’s services in publishing his volume on Lobachevsky 
that he accompanies this part of the work with lucid notes, 
more copious than the text itself, which smooth away many 
difficulties in the path of the reader. It is the purpose of the 
present article to present a few of the chief points in this 
treatment, and in particular to emphasize the analytic con- 
nection pointed out by Engel between Lobachevsky’s equa- 
tions and those of the projective measurement of Cayley. 

Lobachevsky’s angle of parallelism, //(z), where z is the 
perpendicular distance from a point on one parallel to the 
other, is analytically defined by the equations 


tan 
(0) = (+ 0)=0, = I(x). 


From these the functions sin //(x), cos //(x), tan I(x) are 
easily written in terms of the exponential or the hyperbolic 
functions ; but we will retain Lobachevsky’s notation, the 
strangeness of which disappears very quickly in practice.* 
Angles and distances are measured as usual by the repeated 
application of a unit of measure to the thing measured, but 
the two units of angle and of length can not be assumed in- 
dependently of each other. If we adopt the usual unit of 
angle such that the entire angular magnitude about a point 
in a plane is equal to 27, then the unit of length is fully 
defined by the above equations, if the angle of parallelism 
for any value of x is assumed or experimentally determined. 
In the space in which we live, we can only know that the 
unit of length is extremely great compared with the great- 
est length which enters into experience. 

In a right triangle with sides a, b, ¢, and with angles A, 


B, ~, the following relations hold : 


sin /](¢)= sin //(a) sin //(6), sin I/(¢)= tan A tan B, 

tan /](c)= tan sin A, tan tan //(6) sin B, 

cos [](a)= cos Il(e) cos B, cos 11(b)= cos II(e) cos A, (2) 
sin A = sin //(b) cos B, sin B = sin I/(a) cos A, 
tan A = cos /i(a),tan tan B = cos //(b) tan l(a). 


* The interesting little book by J. Frischauf, *‘ Absolute Geometrie 
nach Johann Bolyai,’’ Leipzig, 1872. contains some of the equations of 
this article in the exponential notation. 
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LetOX and OY be two coordinate axis at right angles to 
each other. From any point P of the plane drop a perpen- 
dicular to OX meeting it at M. Then the distancesOM (zx) 
and MP(y) are the coordinates of P, the usual conventions 
as to signs being maintained. It is essential that the coor- 
dinates be always drawn as just stated ; a perpendicular 


A 


from P to OY will not be equal to z, for no rectangle exists 
on Lobachevsky’s plane. If OP, the distance of the point 
from the origin, be denoted by r, and the angle XOP be 
denoted by +, equations (2) give 


sin //(r) = sin I/(z) sin I/(y), 


tan /I(r) 
sin # = tan II(y) (3) 
cos Il(x) 
cos I(r) 


If ris constant, while z and y vary, the first of these 
equations represents a circle with the center at the origin. 

Let AB be any straight line, p the length of the perpen- 
dicular OD from the origin, ¢ the angle XOD. Then, in 
the right triangle ODP, 


cos (4 — @) cos = cos p), 
whence, by (3), 
cos cos //(x) + sin sin /i(x) cos I/(y)= cos p). (4) 


This equation, in which p may have any value from 0 to 
+ o, and a any value from 0 to 2z, is Engel’s form of the 
equation of the straight line. We may obtain the form 


D 
| P 
| 
| 
M 
| 
| 
| 
| 
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given by Lobachevsky by assuming that AB cuts OY at 
a point (0, 7) under an angle A. Then in the right tri- 
angle ODA, 


cos p)= cos /I(1) cos (5 «), 


tan (5 «)= sin /I(1) cot A, 


whence by substitution in (4), 


cos //(1) 


sin I(x) sin //(l) cot A cot I(x). (5) 


cos Il(y) = 


This is called by Lobachevsky the general equation of the 
straight line. It is so in the sense that the equation of any 
straight line may be given this form by a proper choice of 
axes. If the axes are fixed, however, the equation fails for 
lines parallel to OY or divergent from it. The case of 
parallelism may be included by taking the limiting form of 
(5) asl increases indefinitely, and the case of divergence 
may be met by introducing the conceptions of imaginary 
lengths or angles, which we can only do after we have an 
analytic expression for each. Engel’s equation has no such 
defect, and we will base our work upon it. 

It is worth noticing that x = ¢c represents a straight line, 
while y = ce does not; the former being obtained from (4) 
by placing « = 0, p = ¢, while the latter is not contained in 
(4). Both of these facts are geometrically evident. 

The derivation of expressions for distance and angle is 
facilitated by first studying the distance DP and the angle 
OPD of the figure. If we place DP equal to d, we have, by 
(2) and (3), 


sin _ sin I/(z) sin II(y) 


sin II(d) = 


whence 


sin? — sin? sin? I] 
cos’ /1(d) = ——— P) - ain? 


The latter equation gives, by use of (4), 


sin cos /I(x) — cosa sin cos II(y) 
sin //(p) 


cos = + 


| 
| 
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where the sign is determined by assuming a positive direc- 
tion on DP. 
Similarly, if the angle OPD is called £, 


sin /I(z) sin II(y) cos p) 
cos I(r) sin 


sin 


sin cos — cos a sin /I(x) cos II(y) 
cos //(r) sin ‘ 


cos f = + 


the sign of cos f corresponding to that of cos //(d). 

Passing to the general case, suppose two lines (4,, p,) 
and (4,, p,) intersect at P. The angle between them is the 
algebraic difference of the angles f, and 3, made by each 
with OP. Placing ¢ = £, — #,, we find 


__ cos (4, — 2,) — cos II( p,) cos II( P2) 
sin p,) sin I(p,) WO 


the simplification being effected by means of (3) and (4). 
This equation affords a simple analytic criterion for the 
relative position of two lines, they being intersecting, paral- 
lel, or divergent according as cos ¢ is numerically less than, 
equal to, or greater than unity. 

In a similar manner, the distance between two points 
(2, y,) and (z,, y,) is the algebraic difference of the two dis- 
tances d, and d, measured as above along the line joining 
the two points. If we call d,—d,= D, and make use 
of Lobachevsky’s formula, 


sin /I(d,) sin /(d,) 
— cos [I(d,) eos lI(d,)’ 


we find sin /](D) = 


sin (d,—d,) = 


(7) 
sin //(x,) sin I/(x,) sin l(y,) sin I(y,) 
1 — cos //(x,) cos — sin I(z,) sin//(x,) cos II(y,) cos (y,)” 


Neither (6) nor (7) is given by Lobachevsky, but his 
equation for the length of a line measured from its intercept 
on OY and expressed in the parameters of equation (5) may 
be derived from (7). 

Engel calls attention to the fact that equation (4) is linear 
in two functions of x and y, and that a simple substitution 
leads to a system of projective measurement as developed by 
Cayley. Following this line of thought, let us place, with 
Engel, 
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E = cos /l(z), (8) 
4 = sin /I(z) cos II(y), 


thus reducing (4) to 
Ecos a + 7sina= cos // (p). 


Now from equations (3), together with (1), if a point is 
at a finite distance r from the origin, 


0<sin I(z) sin II(y) <1, 


while as r increases indefinitely, sin //(z) sin I(y) ap- 
proaches zero as a limit. Therefore, since 


sin II(z) sin I(y) = — — 7, 


if (=, 7) be interpreted as Cartesian coordinates on a plane, 
the entire plane of Lobachevsky corresponds to the interior 
of the conic 

?+77—1=0 


and the infinitely distant portion of the plane corresponds 
to the conic itself. We will take this conic as the funda- 
mental conic of a system of projective measurement, so 
choosing the arbitrary constants involved that, if M is the 
distance between two points (¢,, 7,) and (€,, 7,), and if ¢ 
is the angle between two lines (u,, v,, w,) and (u,, v,, w,),* 


(9) 


cos ¢ = SS (10 
+ v,° — w,*) (u, + — 


Comparing these with D and ¢, computed above for the 
corresponding points and lines, we have D= M,¢=¢. 
The latter assertion follows at once from (6), by placing 
cos 4 =u, sin a=v, — cos Il(p)=w. To establish the 
former, we substitute from (8) in (7), obtaining 

sin /I(D) — 1") ( 1 — ¢,'—7,') 

cos iM 


* For these and other references to projective geomety, see Klein’s 
Autographirte Vorlesungen iiber Nicht-Euklidische Geometrie, vol. 1. 
(Géttingen, 1892). 


1—£%,—7,7 
= 
ae! (1 — = = ) 
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or 2 2 


of which the only solution in positive real qualities is 
D= M. 

It was first shown by Klein and is now well known that 
the projective geometry in which a real conic serves as the 
basis of measurement has all the characteristic features of 
Lobachevsky’s geometry. The equations (8) establish a di- 
rect analytic relation between the two geometries, since 
they image the entire Lobachevsky plane upon the interior 
of the (¢, 7)-plane with preservation both of angle and of 
distance, with the understanding that these magnitudes are 
to be measured in the proper way on each plane. To any 
real point (=, 7) lying within the fundamental conic, corre- 
sponds one and only one real point (x, y) and conversely. 
In order to extend this correspondence to imaginaries with- 
out destroying the one to one relation, we may agree to con- 
sider on the (z, y)-plane only complex quantities of the type 
a+ bi, where 0=6<2z. With this convention any two 
straight lines intersect in one and only one point, since two 
equations of type (4) have always an analytic solution. 
Lobachevsky’s distinction between intersecting, parallel,and 
divergent lines appears accordingly as one in real finite 
variables only. Divergent lines meet in an imaginary 
point, corresponding to a real point (¢, 7) outside of the 
conic. 

The use of the (+, 7)-plane offers a two-fold advantage : 
first, it often makes the peculiar properties of Lobachev- 
sky’s geometry directly visible ; and secondly, it simplifies 
the analytic treatment. As an example of the first use, 
consider Lobachevsky’s theorem that two straight lines 
either intersect, are parallel, or have a common perpendic- 
ular. On the (¢, 7)-plane two lines are always perpendic- 
ular to the polar of their point of intersection, and this polar 
appears in the interior of the conic only when the two lines 
intersect on the exterior ; so that, Lobachevsky, working in 
reals, could only recognize the common perpendicular for 
divergent lines. In the same connection, the impossibility 
of the existence of a rectangle is evident from the properties 
of poles and polars. 

The nature of the circle is also easily studied on the (£,7)- 
plane. If, in equation (7), we hold D constant and take 
(x,, y,) a8 a fixed point, while replacing (z,, y,) by the vari- 
able point (x, y), we have the equation of the circle. The 
corresponding equation (9) is 
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k1—&§,— =1—?—7’, 


which is the equation of a conic tangent to the fundamental 
conic at the points where it is cut by the polar of (€,, 7,). 

There are then three cases, according as (,, 7,) is within, 
on, or outside the conic. These correspond on Lobachev- 
sky’s plane respectively to an ordinary circle with real 
center and finite radius, to a limit circle approached 
by any circle as the radius is indefinitely increased and the 
center becomes indefinitely remote, and to a curve all points 
of which are equidistant from a real straight line. The 
first two kinds are given by Lobachevsky, but it is doubtful 
if he knew that the last was also a circle with imaginary 
center and radius. 

An expression for the element of arc may be obtained 
readily from (9) by placing =, = 7, = 7, = & + di, and 
7, = % + dy and neglecting infinitesimals of higher order. 
There results 


Vd? + dy? — — 


2 


ds = 


1—?—; 
By means of (8) and the formula of differentiation 


dil(z) = — sin I(x)dz, 


this becomes ds = Ja 
sin? ’ 


a result which may be obtained with more difficulty from 
(7) and is derived by Lobachevsky directly from an infinitesi- 
mal triangle. Either of these expressions applied to the 


circle 
sin //(x) sin = sin II(r) 


or sin’ Il(r) 
gives as the entire circumference 
C = 2z cot I(r) = e”). 


Similarly the expression given by Klein for an area on 
the (=, 7)-plane 


becomes by change of variables 


| 

i 
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dady 
s= sin I(y)’ 


and either of these applied to the circle gives as the entire 
area 


A= x(e e?)%, 


The integration of the last integral with respect to y gives 
as the area dS of a narrow strip on the plane 


= cot Il(y). dz. 


This expression is found by Lobachevsky as a result of 
the theorem that the area of a triangle is equal to z minus 
the sum of its angles. Conversely the latter theorem may 
be derived by integration as shown in the “ Pangéométrie.’’ 
To see this, consider first an infinite strip of the plane 
bounded by the positive part of OX, a portion of OY, and 
a line parallel to OX cutting OY at a distance a from O. 
The equation of this parallel, found by placing / = a, and 
A = II(a) in (5), is 


cos = cos Il(a). 
Hence 


s= cot Il(y) d= — f sin II(y) dy 
Consider now a triangle right-angled at C, and draw 


through A a line parallel to CB. Prolong AB to G, so that 
GF perpendicular to AB shall be parallel to CB. 


The triangle ABC equals the sum of the infinite strips 
DACE and EBFG diminished by DAGF. Substituting the 
areas of the strips, as found above, 
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(5 4’) 


The theorem is thus proved for a right triangle, and is 
readily extended to an oblique triangle by dividing it into 
two right triangles by a perpendicular from any vertex. 

In the foregoing pages no attempt is made to give an ex- 
haustive statement of Lobachevsky’s methods and results 
on the plane nor to indicate his extension of his methods to 
space. Woops. 

MASSACHUSETTS INSTITUTE 
OF TECHNOLOGY, May, 1900. 
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Functionentheoretische Vorlesungen. Von Heinrich Burk- 
HARDT. Zweiter Theil: Elliptische Functionen. Leipzig, 
Veit and Company, 1899. 8vo.,x + 373 pp. 

TueE theory of elliptic functions has developed so rapidly 
and in so many different directions in recent years that an 
elementary treatise of moderate compass which would afford 
a rapid survey of its many and heterogeneous parts has been 
a long felt want. The admirable little treatise by Appell and 
Lacour is perfect in its way, but it addresses itself only to 
students who do not care to go very far into the theory of 
functions. It makes no pretentions to satisfy the needs of 
another large class of students, namely those who regard 
the theory of elliptic functions as merely one division of a 
greater theory and who thus study the elliptic functions not 
only on account of the interesting properties they offer per 
se, but also as a means of becoming more familiar with the 
principles and methods of the theory of functions, or as a 
stepping stone to the more abstruse theories of the abelian 
transcendents and automorphic functions. 

The present volume meets the wants of this latter class 
most successfully. We are so impressed with its many 
merits that we do not hesitate to predict for it a rapid and 
widespread popularity. 


=5-A-B 
= =x—(A+B+ C). 
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The characteristic feature of the book is the predomi- 
nance it gives to the ideas of Riemann. It is indeed re- 
markable, as Professor Burkhardt observes, that up to the 
present time no work on the elliptic functions has treated 
the theory from Riemann’s standpoint. In several works 
on this subject we find reference to some of Riemanan’s 
ideas ; but with the exception of Thomae’s Abriss they are 
cursory and inadequate. We feel sure that this novel and 
valuable feature will be widely appreciated. 

Another feature of the work is its comprehensiveness, ac- 
companied by very moderate proportions. There is some- 
thing so encouraging to the student in a text book of mod- 
erate size. The main divisions of the theory have received 
attention in accordance with their relative importance. By 
seeking everywhere the simplest form of treatment, Profes- 
sor Burkhardt has succeeded in compressing a great deal into 
avery small compass. The student who reads this book 
with care will gain a very good-idea of the modern theory 
of elliptic functions, in spite of the gigantic size this theory 
has assumed. 

We indicate rapidly the contents. At the very outset an 
embarrassing question presents itself to the author of an 
elementary treatise on this subject: how are the elliptic 
functions to be introduced? Historically they arose in in- 


verting the integral 
dz 
f(a)’ 


f being a polynomial of fourth degree. 

The attempt to obtain analytic expressions of x considered 
as function of u led Abel and Jacobi to the theta functions, 
and these were used by the latter in his later university 
lectures as the fittest elements upon which to build up the 
theory. Already, then, in the infancy of this theory two lines 
of approach offered themselves, the one starting with an 
implicit, the other with an explicit definition. It was found 
that each had its advantages and disadvantages, and thus no 
traditional way of developing the theory has ever gained 
ground. In the last generation the two classic works were 
without doubt those by Briot and Bouquet and by Konigs- 
berger. The former starts with the thetas, the latter with 
the integral. Today we find the same lack of uniformity. 
Halphen’s great treatise introduces the elliptic function by 
means of the integral definition; Weber and Krause, on 
the other hand, employ the thetas; finally the classic 
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treatise of Tannery and Molk begin with Weierstrass’s 
equivalent for the thetas, viz., the sigmas. 

The advantages of starting with the integral definition 
seems to be chiefly these. First, it permits us to use Rie- 
mann’s theories for which the elliptic integrals are merely a 
special, though extremely interesting, case. Secondly, in 
the physical applications it is as integrals that these trans- 
eendents appear. The objections are two-fold. For the 
student of pure mathematics who does not care to go beyond 
the elliptic functions, as well as for the student of physics, 
Riemann’s theories form an unnecessary baggage. The sec- 
ond objection lies in the difficulty of establishing the one- 
valuedness of the inverse function at any early part of the 
course. 

The advantage of beginning the elliptic functions with 
the thetas or sigmas is again two-fold. First, it defines 
them as explicit analytic expressions, which the student can 
see and from which he can deduce readily their principal 
elementary properties. Secondly, the existence theorem 
just mentioned falls away of itself. The disadvantage of 
this procedure is the unsatisfactory position it assigns the 
integrals. 

Professor Burkhardt has followed a middle course. In 
chapter I. he has used the integral definition in connection 
with Riemann’s surface. A simple proof of the uniformity 
of x(u) for the case of real branch points is given by em- 
ploying conformal representation. The general case is re- 
served for a later chapter. 

In chapter II. an entirely new start is taken and we see 
no more of the elliptic functions as inverse of an integral 
until four chapters later, barring one or two fleeting refer- 
ences. The four chapters II., III., IV., V., occupying a 
little less than one hundred pages, give an account of double 
periodic functions in general, the ¢-function in particular, 
the functions «, 4, 7, and the functions of Hermite. The 
treatment follows the path opened up by Liouville and de- 
veloped later by Hermite and Weber. There is not much 
chance here for an author to develop anything very novel 
when such masters have passed over the same route, but an 
attentive examination shows many minor merits. 

The reviewer regrets that the historic functions of Jacobi, 
sn, en, dn, are given an altogether inferior position. We 
touch here one of the serious difficulties which students 
encounter as soon as they begin to consult the literature of 
elliptic functions. They find to their dismay that there are 
two theories, running side by side, which, while but two 
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aspects of the same thing, are yet so different as to make 
it impossible to pass from one to the other without con- 
siderable study. Now if students, when they first take 
up the elliptic functions, are taught almost altogether one 
theory, they are sure to experience a serious hindrance in 
their work later, since some mathematicians employ habitu- 
ally the one, and some the other theory. It seems to us 
exclusive to maintain that either theory is the better; as 
well maintain that one system of codrdinates always lends 
itself most simply to all problems. The ideal way is to 
have both theories equally in one’s control. To this end it 
seems advisable, in an introductory course, to teach both 
simultaneously, pointing out as one goes along their inter- 
relations. In this way the student does not acquire such a 
superior dexterity in one theory as to make it distasteful to 
him to employ the other. Such a course has not been fol- 
lowed here. 

In chapter VI., which takes up the problem of inversion 
left unfinished in chapter I., we enter again the circle of 
ideas proper to Riemann. From now on they are our con- 
stant companions. This chapter treats, besides the prob- 
lem of inversion, which is here brought to a close, various 
properties of integrals of the first, second, and third species ; 
e. g., Abel’s theorem, the theory of Riemann-Roch, Legen- 
dre’s relation, the interchange of argument and parameter 
in integrals of the third species, etc. 

Chapters VII. to X. treat the following topics ; reduc- 
tion of elliptic integrals of the first species to canonical 
forms, the linear transformation, degeneration of the ellip- 
tic functions, and reality. In treating the linear transforma- 
tion, an eighth root of unity enters as function of the co- 
efficients of transformation. This was first determined by 
Hermite by making use of the sums of Gauss. Enneper 
and Thomae have shown how this root may be determined 
very simply apart from a plus or minus sign. Professor 
Burkhardt has been content to leave the problem at this 
point. For the more advanced parts of the theory this 
sign is simply indispensable. We take this occasion to re- 
mark that it may be determined 4 priori* by using no 
more of the theory of numbers than the simple law of 
reciprocity of quadratic residues. 

True to his purpose to give Riemann’s theory full sweep, 
Professor Burkhardt has not failed to show the relation be- 


* Weber gives an 4 posteriori demonstration ; but such verifications are 
always unsatisfactory. 
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tween linear transformation of the periods and alterations 
in the system of cuts which make Riemann’s surface simply 
connected. Unless we are very much mistaken, this subject 
is treated here for the first time in any treatise on the ellip- 
tic functions. The effect of varying the branch points 
along certain curves, closed or not, so that the surface re- 
turns to its origina] shape, is also studied and the notion of 
the monodromy of the branch points introduced. 

In chapter XI. we reach another grand division of the 
modern theory of elliptic functions, viz, the elliptic modu- 
lar functions. The 51 pages which make up the chapter 
form one of the most interesting and instructive parts of 
the book. In the older theory the elliptic functions were 
studied almost uniquely as functions of a single variable, 
namely the argument u. But besides the argument, they 
involve certain parameters, the modulus <, the periods »,, 
w,, and the invariants g,, g,. With these, many important 
quantities are formed which do not contain u at all. As 
soon as the theory of functions became somewhat developed 
it must have occurred to many to investigate these quanti- 
ties from a function-theoretical standpoint. 

For example, what is the relation between z, which defines 


sn(u, x) from the integral standpoint, and = = which 


we use to build the corresponding thetas. This question 
forces itself on one almost imperatively even in an elemen- 
tary treatment. 

The function z of s was found to possess the most remark- 
able properties. The most striking at first sight was that 
it hada natural boundary. Weierstrass’s theory of functions, 
by starting with the notion of analytical continuation, had 
made the existence of such functions possible ; and indeed 
isolated examples were discovered quite early. Thus it was 
known that the function 


1 + 2q + + 29° 


which occurs already in the Fundamenta Nova,* possessed 
the unit circle as natural boundary. But here was a whole 
class which had this peculiarity. Another characteristic 
property is this; it is a one valued function remaining in- 
variant for a subgroup of the general modular group 


ra” 
L= (+ 


* Jacobi’s Works, Vol. I., p. 235, 2 65 (6). 
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a, b,c, d being integers and ad—be=1. The group in 
question, call it L,, is, as Hermite first showed in his cele- 
brated memoir ‘‘ Sur la théorie des équations modulaires’’ 
(1859), defined by the congruences 


a=0, b=1, c=1, d=0 (mod. 2). 


Such groups are called congruence groups ; their order is 
given by the modulus, which is here 2. The conformal 
representation of x by t brings us to the important notion 
of fundamental domain. The points 0 and 1 divide the 
real z axis into three segments +o,1; 1,0;0,—o. In 
the z plane these are represented respectively by the upper 
half of the circumference of a unit circle and the right lines 
yi, 1 + iy, (y> 0), which may be considered as the three 
sides of a circular triangle 7 whose vertices lie at + 1, 
0, o. If « move now so as to cover every point once and 
only once in the upper half of the « plane, + passes over 
every point of this triangle once and only once. 

Suppose now that « passes into the negative half of its 
plane ; it must cross over one of the three segments just 
mentioned. Then: passes out of 7 crossing that side of 
the triangle which corresponds to the segment z crossed. 
Let x now cover all points of the negative half plane with- 
out going back into the positive half plane; we find that 
t sweeps Over a region which is got from TJ by reflection 
with resvect to that side of T which r crossed. This can 
therefore be nothing but a circular triangle, say 7,. If <z 
crosses back to the positive half plane and then covers again 
all its points, the same reasoning shows that rt passes out 
of T, and generates a new triangle T, also got from T, by 
reflection. As this process can go on indefinitely, we gradu- 
ally cover the upper half of the z plane by circular triangles 
as in the adjoined figure. 


fC = PLANE. 
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Any two successive triangles, as T, T,, form a region within 
which x (t) takes on every value once and once only. For 
this reason it is called afundamental region. The triangles 
T,T,, --- we observe are of two kinds, those like the one we 
first considered spreading out from left to right and having 
all the same size, and secondly those which approach nearer 
and nearer the real axis, constantly diminishing in size. 
This shows at once that the real r axis is a natural boundary. 
Suppose z describes a circuit about x = 0 in the positive di- 
rection ; we find is «subjected to the transformation S = 
(*,7+ 2). describe a circuit about  =1, undergoes the 


transformation + = ( iz or ) . As every circuit x can 
make is made up of these two, we see that the group L, 
mentioned above is identical with the group generated by 
the repeated combinations of S*’, =*’. 

Now the elliptic function presents an unlimited number 
of such functions and we are thus led to ask what are their 
properties and mutual relations. The attempt to answer this 
question has given birth to the theory of elliptic modular 
functions which today has become an independent branch 
of mathematical science. The present chapter will prove a 
very valuable introduction to the classic treatise by Klein 
and Fricke on this subject. 

Closely related with the theory of modular functions are 
the problems of transformation and division ; these occupy 
chapter XII. The linear transformation was discussed in 
an earlier chapter. Here a rapid orientation of the general 
transformation problem is given. The theory of this prob- 
lem might alone easily fill a book. Historically it arose in 
trying to find commodious methods of computing the ellip- 
tic integrals of the 1° species 


z dz ¢ dg 
w= # sin’ ¢ 


where x=sing, and 0<z<1. The transformation of 
Landen and Gauss showed that it was possible to transform 
(1) into an integral of the same form, aside from a factor, 
viz., 


y dy dy 


on making a simple change of the variable z. By repeat- 
ing these transformations the moduli 2, 4,, 4, --- may be 


| 
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made to approach 0 or 1 asa limit. That is, the approxi- 
mate value of u is made to depend on a degenerate elliptic 
integral, viz., either 


Ve dy Vu 
f dy = ¢, or f cong tan (7 +5 


When « is near 4 it is necessary to repeat the algorithm sev- 
eral times before a fair degree of approximation can be ob- 
tained. In attempting to get transformations of greater 
rapidity Jacobi was led to his celebrated theory of transfor- 
mation which he later made the basis of his Fundamenta 
Nova. He proposed and solved the problem: Determine 
the coefficients a, b, the new modulus /, and the multiplier Jf 
so that 
Ib + be + byt + + 


converts (1) into (2). 
From the standpoint of today the problem presents itself 
more naturally thus: Given two elliptic functions 


% 2), g(U, %, 

constructed respectively on the networks 
No, 

what is their relation to one another? The most general re- 
lation we can assume between N and N is that they have 
a network M in common. Jacobi’s problem is a special 
case of this, namely the case when one of the networks 
N, N becomes identical with J In this case we have 


w, = aw. + bo 
(ad —be=n), 
= cw, + du,, 


and the transformation is said to be order n. For such 
a transformation the Jacobian formula (3) gives g as 
rational function of degree n in f. The case where VN = N 
gives the linear transformation n = 1. 

To treat the transformation in full requires us to pass to 
the thetas or their equivalents the sigmas. The most exten- 
sive and modern treatments are found in the works of Weber, 
Krause, and Tannery and Molk. In the elements, only the 
linear and quadratic transformations are useful and these 
are given with sufficient detail. The short sketch of the 
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general theory which Professor Burkhardt gives will help the 
student to place these special transformations in their proper 
relation to the general theory. 

The problem of division is this: The addition theorem 
shows that, for integral n, g(nu) is rational in ¢g(u) and 
g’(u). This relation may however be regarded from another 


standpoint, viz., as defining ¢ (;) as an algebraic function 
of ¢(u), ¢’(u). The problem is: what is the nature of this 
algebraic function ; in particular express explicitly ¢ (=) 


in ¢(u), ¢’(u). To solve completely either the problem of 
division or transformation we are led to certain algebraic 
equations called equations of transformation between modu- 
lar functions which are of extraordinary interest. Profes- 
sor Burkhardt has given an excellent account of these from 
a function-theoretical standpoint. They are also of equal 
interest from an algebraic and arithmetical point of view. 
For example, in algebra they define new algebraic irration- 
alities in terms of which the roots of a large class of alge- 
braic equations can be expressed. Thus the equation be- 
tween the old and new modulus z, z corresponding to a 
transformation of order 5 was used by Hermite (1858) to 
solve the general equation of fifth degree. 

From the point of view of the higher arithmetic, they are 
chiefly interesting when complex multiplication takes place. 
This brings us to another great division of the modern 
theory of elliptic functions. What is complex multiplica- 
tion?. The answer lies in the following considerations : 
Up to the present point the periods of our elliptic functions 
have been left entirely free, with the sole restriction that 


(4) 


But an immense field is opened up when we require z to 
satisfy a quadratic equation of a certain kind. Suppose, in 
fact, we ask with Abel: Is it possible to determine » other 
than an integer, so that ¢(»w) is rational in ¢(u) and ¢’(u) 
as in ordinary multiplication? The key to this question lies 
in the elementary theorem: In order that an elliptic func- 
tion ¢(u) may be rational in ¢(u, w,, w,) and its derivative, it 
is necessary and sufficient that ¢ admits ,, », as periods. 
Applying this condition to ¢ = g(zu) we have at once 
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pw, = aw, + bw, 
ju, cw, + (5) 


which gives a condition for rt, viz., 
br? + t(a—d) —c=0. (6) 


If t is an independent variable, (6) requires that b = ¢ = 0, 
a =d, which put in (5) makes » an integer. If, however, 
we suppose t is not variable, but on the contrary satisfies 
an equation of the type (6), equations (5) show that » 
satisfies the equation 


—p(a+d)+n=0, 
setting n = ad — be as usual. This gives 


where 4 = (a— d)’?+ 4be = (a + d)? — 4n is the discrimi- 
nant of (6). The condition (4) shows that 4<0; hence 
(7) shows that » is never real, whence the name complex 
multiplication. We see then that, when ¢(u, »,, w,) admits 
complex multiplication, is root of a quadratic equation 
with integral coefficients and negative discriminant. The 
converse is obviously true. Modular functions built up on 
such 7’s are called singular. The corresponding equations 
of transformation enjoy the most remarkable properties. 
The simplest case of complex multiplication arises in con- 
nection with the lemniscate. In fact, the length u of an 
are is given by 
d? 

The value of z is here given by 7? + 1=0, hence p = +2. 
Already in the Disquisitiones Arithmetice (1801) Gauss 
calls attention to the fact that the equations of transforma- 
tion for this case can be solved algebraically, a theorem which 
Abel generalized to all cases in the Recherches. 

Let us indicate in as few words as possible the réle com- 
plex multiplication plays in the higher arithmetic, namely, 
in the theory of binary quadratic forms, with negative deter- 


minant, 
Az’ + 2Bary + Cy’ = (A, B, C). 


Such forms Gauss always took with even middle coefficient. 
The modern theory shows that this was unfortunate, as 
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most material simplifications arise when we allow the mid- 
dle coefficient to be either odd or even. As no elementary 
account of the new theory has yet been given, we follow here 
the classical notation. We saw that the necessary and suf- 
ficient condition for complex multiplication was that + be 
root of an equation 

+sr+t=0 (8) 


with negative discriminant 4 = s*— 4rt. The coefficients 
we can suppose relative prime. According, then, as s is 
odd or even, we associate with (8) either the form 


(2r; 8, 2t) or (7, 2/2, t). 


The determinant D of this form is also negative. Con- 
versely to every primitive form F' = (R, 8, T) with nega- 
tive determinant will correspond an equation of the type 
(8) which will give a singular +r. 

Consider now the absolute invariant J(r) built on the sin- 
gular - defined by (8) or the corresponding form F. Then 
to one form F with negative determinant corresponds one 
singular J(z). Apply to + a linear transformation, giving 
zt. Then J(=) =J(+). But the form F which corresponds 
to = is got from F by the same transformation ; i. ¢., F and 


F belong to the same class of quadratic forms. Thus not 
only does F give rise to a particular singular invariant J(r) 
but every form in the same class as F' gives rise ty the same 
invariant. Let now F,, F,, --, Fz be properly primitive 
forms one from each of the H(D) classes belonging to a 
given determinant D, and 


the corresponding singular invariants. The equations of 
transformation between J and its transformed show that 
the quantities (9) are roots of an irreducible equation with 
integral coefficients. This equation defines thus a numer- 
ical algebraic body, which on account of this intimate rela- 
tion with the classes of binary quadratic forms is called a 
class body. The theory of these bodies is interwoven in 
the most wondrous and fascinating manner with the theory 
of composition of quadratic forms of negative determinant 
and their division into genera. 

The present work, being only one volume in a course on 
the theory of functions, quite rightly does not even touch 
these questions. Indeed only three pages are devoted to 
complex multiplication. We have however felt justified in 
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going out of our way to speak of these questions partly be- 
cause of their intrinsic interest and partly because the re- 
viewer deplores how little the higher arithmetic is culti- 
yated in America. The theory of complex multiplication 
with its intimate relation to binary quadratic forms and 
algebraic numerical bodies offers a promising field for young 
men who seek to gain distinction as original investigators. 

Leaving this subject, continue with our review. The 
next chapter, the thirteenth, treats the question of numer- 
ical computation. This vexatious subject, so important in 
ali practical applications, is very satisfactorily handled here. 
Care is taken to give limits of error, a point often neglected. 

The last three chapters are devoted to applications, one 
being selected from each of the three broad fields?0f geom- 
etry, analysis, and mechanics. For geometry it is the 
theory of elliptic curves, 7. e., curves defined in homoge- 
neous coordinates by the equations 


pt, = T,(u), pi, = T,(%), 


the T’s being conjugate intermediate functions of Hermite, 
i. e., functions of the form 


e“a(u — b,)o(u — b,) o(u—b,). 


Curves of the third and fourth orders receive especial atten- 
tion. The application to analysis is the discussion of Picard’s 
equation of the second order, in particular Lamé’s equation 


& 
{n(n +1) put dy. (10) 


The application to mechanics is the spherical pendulum. In 
discussing the horizontal motion of the bob, the author 
passes to polar coordinates, thereby missing a pretty appli- 
cation of Lamé’s equation discussed in the chapter just pre- 
ceding. In fact, keeping rectangular coordinates z,y, it is 
easily shown that x + iy and z — iy are two solutions of 
(10) for n = 2. 


The rapid survey we have here made shows most clearly 
that we have in the present volume a text book which is 
rich to an uncommon degree in the latest results and points 
of view in the subject it treats. It fills most timely a place 
unoccupied by any other work and will, we are sure, prove 
itself invaluable to the large class of readers for which it is 
intended. 

JAMES PIERPONT. 
YALE UNIVERSITY. 
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CORRECTION. 


In my paper ‘‘On the geometry of the circle,’’ pp. 319- 
322 of the May number of the current volume of the BULLE- 
TIN, a term in the transformations involved was wrong and 
the results are partly incorrect. The following corrections, 
which were kindly pointed out by Professor P. F. Smith, 
should be made in the paper : 


P. 320, lines 7 and 10, for bicircular read binodal. 


P. 321, the last paragraph is only projectively correct. 
There are 40 double tangents and no single foci. 


P. 322, the corrections corresponding to the preceding are 
to be made in the case of the sphere. 


The eliminant of 2, 4, ---, pp. 320-321, contains irrelevant 
factors ; its reduced order is 16. The order of the surface, 
p- 322, reduces to 24. 

Vircit SNYDER. 


NOTES. 


Tue forty-ninth annual meeting of the American associ- 
ation for the advancement of science was held at Co- 
lumbia University, New York City, June 23-30, 1900. The 
presence of no less than sixteen affiliated scientific socie- 
ties, among them the AMERICAN MATHEMATICAL SOCIETY, 
added to the interest and importance of the occasion. It 
was decided to hold the next meeting of the Association at 
Denver, Colorado, August 24th-3lst, 1901. Professor 
Cuar.eEs S. Minor was elected president of the Association. 
The officers of Section A are: vice-president, Professor 
JamMEs McMauoy ; secretary, Professor H. C. Lorp. 


At the meeting of the Cambridge philosophical society 
on May 21st, the following mathematical papers were pre- 
sented: ‘‘On a certain diophantine inequality,’’ by Major 
P. A. Macmanon ; ‘‘ On rational space curves of the fourth 
order,’’ by Mr. H. W. Ricumonp; ‘‘On the reduction of 
quadrics,’’ by Mr. T. J. I. Bromwicg. 


University oF CALIForNIA.—The following courses are 
announced for the year 1900-1901 :—By Professor 1. Srrine- 
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HAM: History of mathematics, two hours; Logic of math- 
ematics, two hours ; Absolute geometry, two hours ; Mathe- 
matical seminary, two hours.—By Professor M. W. Has- 
KELL: Analytic projective geometry, three hours; Higher 
geometry, three hours.—By Professor G. C. Epwarps: Dif- 
ferential equations, three hours.—By Professor A. O. Lrvu- 
SCHNER: Theoretical astronomy, two hours ; Perturbations, 
four hours.—By Mr. A. B. Pierce: Theory of numbers, 
three hours.—By Dr. E. J. Wixczynsx1: Transformation 
groups and differential equations, two hours.—By Mr. A. 
W. Wuirtney: Theory of probabilities, Life insurance, two 
hours.—By Dr. 8. D. Towntey: Method of least squares, 
three hours. 


Joun Horpxins University. During the year 1900-1901 
the following advanced courses in mathematics are offered : 
—By Professor F. Mortey: Theory of functions (second 
course), two hours; Geometry (second course), three 
hours ; Seminary, one hour.— By Dr. A. CoHeEn : Theory of 
functions (first course), two hours ; Lie’s theory of transfor- 
mation groups, two hours ; ; Theory of numbers, three hours, 
first semester ; Differential equations (second course), two 
hours, second semester. 


At a recent meeting of the Royal Society of Edinburgh, 
Professor A. R. Forsytu, of the University of Cambridge, 
was elected as one of the British honorary fellows of the 
society. 

THE honorary degree of doctor of science was conferred 
on Professor HENRI Poincare, of Paris, on June 12th, by 
the University of Cambridge. 


Proressor Gaston Darsovux was elected on May 21st to 
succeed the late JosEPH BERTRAND as perpetual secretary for 
the section of mathematical sciences in the Paris academy of 
sciences. At the next meeting of the same academy, May 
28th, Professor Lupwie BoittzMann, of Vienna, recently 
called to Leipzig, was elected correspondent for the section 
of mechanics, in the place of the late Evcenio BELTRAMI, 
of Rome; the same honor had been bestowed at the previ- 
ous meeting on Professor J. WILLARD Gisss, of Yale Uni- 
versity. 


Amone the recipients of honorary degrees at the recent 
celebration at the University of Cracow was Professor Simon 
NEWcoMB. 


Dr. E. D. Ror, Jr., has been appointed to an associate 
professorship of mathematics in Syracuse University. Dr. 
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Ruta Gentry has been promoted to a similar position at 
Vassar College. 


Tue following academic appointments have also recently 
been made: Dr. W. G. BuLiarp, instructor in mathe- 
matics, Syracuse University ; Dr. C. C. ENGBERG, instructor 
in mathematics, University of Nebraska ; Mr. E. B. Escorr 
and Mr. WILLIAM MARsHALL, instructors in mathematics, 
University of Michigan; Dr. L. W. Rerp, instructor in 
mathematics, Haverford College ; Dr. ANNE L. WILKINSON, 
instructor in mathematics, Vassar College. 


Dr. Mary F. Wrnston, has resigned the professorship of 
mathematics at the Kansas State Agricultural College. 
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ments of cross-sections of parts of metallic constructions. Moscow, 
1900. 8vo. 127 pp. (Russian.) R. 1.75 
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NINTH ANNUAL LIST OF PAPERS 


READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES TO 
THE PLACES OF THEIR PUBLICATION. 


ALEy, R. J. A Triangle Related to Nagel’s Triangle. Read (Chicago) 
April 9, 1898. Proceedings of the Indiana Academy of Science, 1898, 
pp. 89-91. 


—— A New Set of Three Collinear Points Counected with a Triangle. 
Read (Chicago) Dec. 28, 1899 Bulletin of the American Mathematical 
Society, vol. 6, No. 5, p. 193 ; Feb., 1900. 


BENNER, H. Bestimmung der Coefficienten welche bei der Berechnung 


der Integral f ftrete 
erin e 0D a le 
V1+azr-+ bz? \ — 


Read (Chicago) Dec. 31, 1897. Doctor Dissertation, University of 
Erlangen, 1897, pp. 57. Boston, Ginn and Company, 1899. 


BAKER, A. L. Fundamental Algebraic Operations. Read Aug. 19, 1898. 
Proceedings of the Rochester Academy of Science, vol. 3, p. 162. 


BLAKE, E.M. Linear Euthymorphic Functions of the First Order. Read 
(Chicago) Dec. 31, 1896. Proceedings of the Indiana Academy of 
Science. 1896, pp. 87-88. 


—— The Ellipsograph of Proclus. Read (Chicago) Dec. 31, 1897, and 
April 9, 1898. American Journal of Mathematics, vol. 22, No. 2, pp. 
146-153 ; April, 1900. 


—— On the Ruled Surfaces Generated by the Plane Movements whose 
Centrodes are Congruent Conics Tangent at Homologous Points. Read 
Aug. 19, 1898. American Journal of Mathematics, vol. 21, No. 3, pp. 
257-269 ; July, 1899. 

BécuHerR, M. On Regular Singular Points of Linear Differential Equa- 
tions of the Second Order whose Coefficients are not Necessarily 
Analytic. Read Dec. 28, 1899. Transactions of the American Mathe- 
matical Society, vol. 1, No. 1, pp. 40-52 ; Jan., 1900. 


—— Some Theorems Concerning Linear Differential Equations of the 
Second Order. Read Feb. 24, 1900. Bulletin of the American Mathe- 
matical Society, vol. 6, No. 7, pp. 279-280 ; April, 1900. 


Botza, O. The Elliptic Sigma-Functions Considered as a Special Case of 
the Hyperelliptic Sigma-Functions. Read (Chicago) Dec. 28, 1899. 
Transactions of the American Mathematical Society, Vol. 1, No. 1, pp. 
53-65 ; Jan., 1900. 

Brown, E. W. On the Particular Integrals of Linear Differential 
Equations, and Their Application to the Lunar Theory. Read Mar. 
28, 1896. Cambridge Philosophical Transactions, vol. 18, pp. 94-106 ; 
1899. 


—— On Tide Currents in Estuaries and Rivers. Read Apr. 29, 1899. 
Annals of Mathematics, 2d series, vol. 1, No. 2, pp. 68-70 ; Jan., 1900. 


| 
| 
| 


1900. ] NINTH ANNUAL LIST OF PAPERS. 473 


CAJORI, F. Notes on the History of Logarithms. Read Aug. 25, 1899. 
Zeitschrift fiir Mathematik und Physik, vol. 44, supplement: Abhand- 
lungen zur Geschichte der Mathematik, vol. 14, No. 9. pp. 31-39 ; 1899. 


CAMPBELL, D. F. On Linear Differential Equations of the Third and 
Fourth Orders in whose Solutions Exist Certain Homogeneous Rela- 
tions. Read Feb. 25, 1899. Quarterly Journal of Mathematics, vol. 
31, No. 122, pp. 161-192 ; Sept., 1899. 


CAMPBELL, J. E. On the Types of Linear Partial Differential Equations 
of the Second Order in Three Independent Variables Which are Un- 
altered by the Transformations of a Continuous Group. Read Dec. 
28, 1899. Transactions of the American Mathematical Society, vol. 1, 
No. 2, pp. 243-258 ; April, 1900. 


CnHessin, A. S. On Relative Motion. Read Aug. 19, 1898, Oct. 29, 
1898, and Aug. 25, 1899. Transactions of the American Muthemat- 
ical Society, vol. 1, No. 2, pp. 116-169 ; April, 1900. 


— On the Development of the Perturbative Function in Terms of 
the Eccentric Anomalies. Read Dec. 28, 1898 Astronomical Jour- 
nal, No. 446, vol. 20, No. 10, pp. 73-76 ; July 22, 1899. 


CooLIpGE, J. L. A Purely Geometric Representation of all Points in 
the Projective Plane. Read Oct. 28, 1899. Transactions of the 
American Mathematical Society, vo]. 1, No. 2, pp. 182-192; April, 
1900. 


CoTTiER, J. On the Expression of the General Equations of Hydrody- 
namics in Terms of Curvilinear Coordinates. Read March 27, 
1¢97. Mathematical Magazine, vol. 1, No. 3. 


Davis, E. W. Noteon Special Regular Reticulations. Read (Chicago) 
Dec. 31, 1897. Bulletin of the American Mathematical Society, vol. 4, 
No. 10, pp. 529-530; July, 1898. 


—— The Group of the Trigonometric Functions. Read (Chicago) 
April 1, 1899. Bulletin of the American Mathematical Society, vol. 5, 
No. 8, pp. 380-381 ; May, 1899. 


Dickson, L. E. The Structure of Certain Linear Groups with Quad- 
ratic Invariants. Read Aug. 19, 1898. Proceedings of the London 
Mathematical Society, vol. 30, Nos. 662-664, pp. 70-98; Nov., 1898. 


—— The Determination of the Structure of All Linear Homogeneous 
Groups in a Galois Field which are Defined by a Quadratic Invari- 
ant, with the Announcement of Two New Systems of Simple Groups. 
Read (Chicago) Dec. 30, 1898. American Journal of Mathematics, 
vol. 21, No. 3, pp. 193-256 ; July, 1899. 


—— A New Definition of the General Abelian Linear Group. Read 
Feb. 25, 1899, and Aug. 26, 1899. Transactions of the American 
Mathematical Society, vol. 1, No. 1, pp. 91-96 ; Jan. 1900. 


— Concerning the Four Known Simple Linear Groups of Order 
25920, with an Introduction to the Hyper-Abelian Linear Groups. 
Read (Chicago) April 1, 1899. Proceedings of the London Mathe- 
matical Society, vol. 31, Nos. 680-683, pp. 30-68 ; April, 1899. 


— Definition of the Abelian, the Two Hypoabelian, and Related 
Linear Groups as Quotient Groups of the Groups of Isomorphisms 
of Certain Elementary Groups. Read Aug. 26, 1899. Transactions 
of the American Mathematical Society, vol. 1, No. 1, pp. 30-38 ; Jan., 

1900. 
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—— Canonical Form of a Linear Homogeneous Substitution in a Gen- 
eral Galois Field. Read (Chicago) Dec. 28, 1899. American Journal 
of Mathematics, vol. 22, No. 2, pp. 121-137; April, 1900. 


—— Proof of the Existence of the Galois Field of Order p” for Every 
Integer r and Prime Number p. Read Dec. 28, 1899. Bulletin of 
the American Mathematical Society, vol. 6, No. 5, pp. 203-204 ; Feb., 
1900. 


—— Isomorphism between Certain Systems of Simple Linear Groups. 
Read Feb. 24, 1900. Bulletin of the American Mathematical Society, 
vol. 6, No. 8, pp. 323-328 ; May, 1900. 


—— Proof of the Non-Isomorphism of the Simple Abelian Group on 2m 
Indices and the Simple Orthogonal Group on 2m--1 Indices for 
m>2. Read Feb. 24, 1900. Quarterly Journal of Mathematics, vol. 
32, No. 1, pp. 42-63 ; June, 1900. 


Emcu, A. Circular Transformations. Read (Chicago) Jan. 1, 1897. 
Annals of Mathematics, 1st series, vol. 12, No. 5, pp. 141-160; Aug., 
1898. 


—— Illustration of the Elliptic Integral of the First Kind by a Cer- 
tain Link-Work. Read Aug. 25. 1899. Annals of Mathematics, 2d 
series, vol. 1, No. 2, pp. 81-92; Jan., 1900. 


ENGBERG, C.C. The Cartesian Oval and the Auxiliary Parabola. Read 
(Chicago) Dec. 30, 1898. The Graduate. Bulletin of the University of 
Nebraska, vol. 1, No. 1, pp. 23-34; April, 1900. 


GoopDsPEED, E. J. The Ayer Papyrus: A Mathematical Fragment. 
Read (Chicago) Dec. 31, 1897. American Journal of Philology, vol. 
19, No. 1, pp. 25-39 ; April, 1898. 


GORDAN, PAUL. Formentheoretische. Entwickelung der in Herrn White’s 
Abhandlung iiber Curven dritter Ordnung enthaltenen Satze. Read 
Oct. 28, 1899. Transactions of the American Mathematical Society, vol. 
1, No. 1, pp. 9-13; Jan., 1900. 


GoursaT, E. Sur la Définition Générale des Fonctions Analytiques, 
d’apres Cauchy. Read April 29, 1899. Transactions of the Ameri- 
can Mathematical Society, vol. 1, No. 1, pp. 14-16 ; Jan., 1900. 


HaTHAWAY, A. S. Alternate Processes. Read Aug. 17, 1897, and 
(Chicago) Dec. 30, 1897. Proceedings of the Indiana Academy of 
Science, 1897, pp. 117-127. 


—— Orthogonal Surfaces. Read (Chicago) Dec. 30, 1897. Proceedings 
of the Indiana Academy of Science, 1896, pp. 85-86. 


Hayes, E. Note on the Folium of Descartes. Read Aug. 17, 1897. 
Bulletin of the American Mathematical Society, vol. 4, No. 1, p. 4; 
Oct., 1897. 


Heprick, E. R. On Three Dimensional Determinants. Read Feb. 
25, 1899. Annals of Mathematics, 2d series, vol. 1, No. 2, pp. 49-67 ; 
Jan., 1900. 


Hitt, G. W. On the Extension of Delaunay’s Method in the Lunar 
Theory to the General Problem of Planetary Motion. Read Feb. 24, 
1900. Transactions of the American Mathematical Society, vol. 1, No. 
2, pp. 205-242 ; April, 1909. 
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HUTCHINSON, J.I. The Hessian of the Cubic Surface. II. Read Feb. 
24,1900. Bulletin of the American Mathematical Society, vol. 6, No. 
8, pp. 328-337 ; May, 1900. 


KerysEk, C. J. Some Theorems in » Dimensional Space. Read Dec. 
29, 1897. Bulletin of the American Mathematical Society, vol. 4, No. 
5, pp. 181-182; Feb., 1898. 


LAVEs, K. The Ten Integrals of the Problem of n Bodies for Forces In- 
volving the Coordinates and Their First and Second Differentials. 
Read (Chicago) April 9, 1898. Astronomical Journal, vol. 19, No. 
13, pp. 97-104 ; Oct. 8, 1898. 


Linc, G. H., and MILLER, G. A. A Proof that there are no Simple 
Groups of Order 1440, 1512, 1680, or 1800. Read Feb. 26, 1899, 
and Aug. 26, 1899. American Journal of Mathematics, vol. 22, No. 
1, pp. 13-26 ; Jan., 1900. 


Lovett, E. O. Sur les Invariants Projectifs d’un Systeme de m+1 
Points dans l’Espace 4 n+ 1 Dimensions Read Aug. 19, 1898. 
Bulletin des Sciences Mathématiques, ser. 2, vol. 22, No.1, pp. 10-15; 
Jan , 1899. 


—7Contact Transformations of Developable Surfaces. Read Oct. 29, 
1898. Rendiconti del Circolo Matematico di Palermo, vol. 13, No. 4, 
pp. 210-224; July-Aug., 1899. 


—— Contact Transformations and Optics. Read Dec. 28, 1898. Cam- 
bridge Philosophical Transactions, vol. 18, pp. 256-268 ; 1899. 


Note on the Differential Invariants of Goursat and Painlevé. Read 
Feb. 25, 1899. American Journal of Mathematics, vol. 22, No. 1, pp. 
41-45 ; Jan., 1900. 


—— Families of Transformations of Straight Lines into Spheres. Read 
Oct. 28, 1899. American Journal of Mathematics, vol. 22, No. 2, pp. 
138-145 ; April, 1900. 


MaAc.Lay, J. On Certain Algebraic Double Minimal Surfaces. Doctor 
Dissertation, Columbia University, 1899. 


MASCHKE, H. Beweis des Satzes dass diejenigen endlichen linearen 
Substitutionsgruppen, in welchen einige durchgehends verschwin- 
dende Coefficienten auftreten, intransitiv sind. Read (Chicago) 
Dec. 30, 1898. Mathematische Annalen, vol. 52, No. 3, pp. 363-368 ; 
July, 1899. . 


—— Note on the Unilateral Surface of Moebius. Read (Chicago) Dec. 
29, 1899. Transactions of the American Mathematical Society, vol. 1, 
No. 1, p. 39 ; Jan., 1900 


—— A New Method of Determining the Differential Parameters and In- 
variants of Quadratic Differential Quantities. Read (Chicago) 
April 14, 1900. Transactions of the American Mathematical Society, 
vol. 1, No. 2, pp. 197-204 ; April, 1900. 


Mertzuer, W. H. On the Excess of the Number of Combinations ina 
Set Which Have an Even Number of Inversions over Those Which 
Have an Odd Number. Read Feb. 26, 1898. American Journai of 
Mathematics, vol. 22, No. 1, pp. 55-59 ; Jan., 1900. 
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—— On the Roots of a Determinantal Equation. Read (Chicago) Apr. 
9, 1898. American Journal of Mathematics, vol. 21, No. 4, pp. 367- 
368 ; Oct., 1899. 


MILLER, J. A. Concerning Certain Modular Functions of Square 
Rank. Read (Chicago) Dec. 28, 1899. Doctor Dissertation, The 
University of Chicago, 1900. 

MILLER, G. A. Memoir on Substitution Groups Whose Degree Does not 
Exceed Eight. Read Dec. 28, 1898. American Journal of Mathe- 
matics, vol. 21, No. 4, pp. 287-338 ; Oct., 1899. 


—— On the Primitive Groups of Degree Seventeen. Read Feb. 25, 
1899. Quarterly Journal of Mathematics, vol. 31, No. 1, pp. 49-57; 
1899. 


—— On the Simply Transitive Primitive Groups. Read Oct. 28, 1899. 
Bulletin of the American Mathematical Society, vol. 6, No. 3, pp. 
103-104 ; Dec., 1899. 


—— On the Groups That are Direct Products of Subgroups. Read 
Aug. 26, 1899. Transactions of the American Muthematical So- 
ciety, vol. 1, No. 1, pp. 66-71 ; Jan., 1900. 


—— On the Product of Two Substitutions. Read Oct. 28, 1899. Amer- 
ican Journal of Mathematics, vol. 22, No. 2, pp. 185-190; April, 
1900. 


—— Note on the Group of Isomorphisms. Read Feb, 24, 1900. Bulle- 
tin of the American Mathematical Society, vol. 6, No. 8, pp. 337-339 ; 
May, 1900. 


—— See LING, G. H. 


Moore, E. H. On Certain Crinkly Curves. Read Aug. 25, 1899. Trans- 
actions of the American Mathematical Society, vol. 1, No. 1, pp. 72- 
90; Jan., 1900. 


More, L. T. On Fresnel’s Wave Surface. Read Aug. 26, 1899. Philo- 
sophical Magazine, 5th series, vol. 49, No. 3, pp. 262-274 ; March, 1900. 


Morey, F. On the Limacons Which Possess Poncelet Polygons. Read 
May 25, 1895. Proceedings of the London Mathematical Society, vol. 
29, No. 617, pp. 83-97 ; Nov., 1897. 


—— The Metric Geometry of the Plane n Line. Read Feb. 24, 1900. 
Transactions of the American Muthematical Society, vol. 1, No. 2, 
pp. 97-115 ; April, 1900. 

Movucton, F. R. Ona Class of Particular Solutions of the Problem of 
Four Bodies. Read Aug. 25, 1899. Transactions of the American 
Mathematical Society, vol. 1, No. 1, pp. 17-29 ; Jan., 1900. 


Newson, H. B. On Singular Transformations in Real Projective Groups. 
Read April 28,1900. Bulletin of the American Mathematical Society, 
vol. 6, No. 10, pp. 431-439 ; July, 1900. 


Oscoop, W. F. Beweis der Existenz einer Lésung der Differentialgleich- 
ung ov (x,y) ohne Hinzunahme der Cauchy-Lipschitz’schen Be- 
dingung. Read Feb. 26, 1898. Monatshefte fiir Mathematik und 
Physik, vol. 9, No. 4, pp. 331-345 ; Oct., 1898. 

PELL, A. Evaluation ofa Definite Integral. Read (Chicago) Dec. 28, 1899. 

Annals of Mathematics, 2d series, vol. 1, No. 3, pp. 144-146 ; April, 

1900. 
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PHILBRICK, P. H. The True Transition Curve. Read Aug. 17, 1897. 
Field Manual for Railroad Engineers, John Wiley and Sons, New 
York, 1900. 


PIERPONT, J. P. Gaiois’ Theory of Algebraic Equations. Read Sept. 
1, 1896. Annals of Mathematics, 2d series, vo). 1, No. 3, pp. 113- 
143 ; April, 1900. 


PoRTER, M. B. Note on the Enumeration of the Laoag He of ae Hy 
eometric Series between Zero and One. Read Feb. le 
tin of the American Mathematical Society, vol. 6, ND. ce pp. 280- 
282; April, 1900. 


Purin, M.I. Propagation of Long Electrical Waves. Read Feb. 25, 1899. 
Transactions of the American Institute of Electrical Engineers, vol. 
16, No. 3, pp. 111-160 ; March, 1899. 


REEs, J. K. Results of Seven Years’ Observations for Variations of 
Latitude and the Constant of Aberration, Made at the Columbia 
University Observatory. Read Feb. 24,1900. Builetin of the Amer- 
ican Mathematical Society, vol. 6, No. 7, pp. 269-273 ; April, 1960. 
Popular Astronomy, vol. 8, No. 4, pp. 169-174 ; April, 1900. 


Rog, E. D. On Symmetric Functions. Read Oct. 29, 1898. American 
Mathematical Monthly, vol. 6, Nos. 1, 2, 3, 4, 5, 6, pp. 1-6, 25-30, 
53-58, 103-107, 129-135, 161-165 ; Jan.-June, 1899. 


— On the Transcendental Form of the Resultant. Read (Chicago) 
Dec. 28, 1899. American Mathematical Monthly, vol. 7, No. 3, pp. 
59-66 ; March, 1900. 


ScHOTTENFELS, I. M. On Groups of Order 8!/2. Read June 29, 1900. 
Bulletin of the American Mathematical Society, vol. 6, No. 10, pp. 
440-443 ; July, 1900. 


Scott, C. A. A Proof of Noether’s Fundamental Theorem. Read 
April 29, 1899. Mathematische Annalen, vol. 52, No. 4, pp. 593- 
597 ; Dec., 1899. 


—— The Status of Imaginaries in Pure Geometry. Read Oct. 28, 1899. 
Bulietin of the American Mathematical Society, vol. 6, No. 4, pp. 
163-168 ; Jan., 1900. 


SNYDER, V. Lines of Curvature on Annular Surfaces Having Two 
Spherical Directrices. Read Feb. 25, 1899. American Journal oj 
Mathematics, vol. 22, No. 1, pp. 96-200 ; Jan., 1900. 


—— Geometric Construction of the Elliptic Integral of the Second Kind, 
and of the Weierstrass Sigma-Function. Read Aug. 26, 1899. 
Schilling’s Modell-Katalog, Halle, 1900. 


— On Cyclical Quartic Surfaces in Space of n Dimensions. Read Dec. 
28,1899. Bulletin of the American Mathematical Society, vol. 6, 
No. 5, pp. 194-198; Feb., 1900. 


On the Geometry of the Circle. Read Dec. 28, 1899. Bulletin of 
the American Mathematical Society, vol. 6, No. 8, pp. 319-322 ; 
May, 1900. 

STABLER, E. L. A Rule for Finding the Day of the Week Correspond- 


ing toa Given Date. Read Aug. 28,1898. Science, newseries, vol. 
8, No. 200, p. 594 ; Oct. 28, 1898. 
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STARKWEATHER, G. P. Non-Quaternion Number Systems Containing 
No Skew Units. Read April 29, 1899. American Journal of Math- 
ematics, vol. 21, No. 4, pp. 369-386 ; Oct., 1899. 


SteckER, H. F. Non-Euclidean Properties of Plane Cubics. Read 
Aug. 20, 1898. American Journal of Mathematics, vol. 22, No. 1, 
pp. 31-40; Jan., 1900. 


TABER, H. On the Singular Transformations of Groups Generated by 
Infinitesimal Transformations. Read Feb. 25, 1899, and Dec. 28, 
1899. Bulletin of the American Mathematical Society, vol. 6, No. 
5, pp. 199-203 ; Feb., 1900. 


TIMERDING, H. E. Some Remarks on Tetrahedral Geometry. Read 
June 27, 1900. Bulletin of the American Mathematical Society, 
vol. 6, No. 10, pp. 417-430 ; July, 1900. 


VAN VuEcK, E. B. On the Determination of a Series of Sturm’s Func- 
tions by the Computation of a Single Determinant. Read Feb. 25, 
1899. Annals of Mathematics, ser. 2, vol. 1, No. 1, pp. 1-13; 
Oct., 1899. 


WESTLUND, J. On a Class of Equations of Transformation. Read 
Aug. 19, 1898. American Journal of Mathematics, vol. 21, No. 4, 
pp. 339-353 ; Oct., 1899. 


Wuire, H.S. Conics and Cubics Connected with a Plane Cubic by Cer- 
tain Covariant Relations. Read Aug. 25,'899. Transactions of the 
American Mathematical Society, vol. 1, No. 1, pp. 1-8 ; Jan., 1900. 


—— Plane Cubics and Irrational Covariant Cubics. Read (Chicago) 
Dec. 28, 1899. Transactions of the American Mathematical Society, 
vol. 1, No. 2, pp. 170-181 ; April, 1900. 


Witson, E. B. Note on the Functions Satisfying the Functional Rela- 
tion ¢(z)o(y)=o(r+y). Read Apr. 29, 1899. Annals of Math- 
ematies, ser. 2, vol. 1, No. 1, pp. 47-48 ; Oct., 1899. 


——- The Decomposition of the General Collineation of Space into 
Three Skew Reflections. Read Oct. 28, 1899. Transactions of the 
American Mathematical Society, vol. 1, No. 2, pp. 193-196 ; April, 
1900. 


WoopWARD, R.S. The Century’s Progress in Applied Mathematics. 
[Presidential Address.] Read Dec. 28, 1899. Bulletin of the Ameri- 
can Mathematical Society. vol. 6, No. 4, pp. 133-163. Jan., 1900. 
Science. new series, vol. 11, No. 263, pp. 41-51; Jan. 12, 1900; 
No. 264, pp. 81-92; Jan. 19, 1900. 


—— An Elementary Method of Integrating Certain Linear Differential 
Equations. Read April 28, 1900. Bulletin of the American Mathe- 
mutical Society, vol. 6, No. 9, pp. 369-371 ; June, 1900. 
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INDEX. 


Abraham, M., 311. 

Academy of Sciences, Berlin, 169, 358 ; Brussels, 216 ; Irish, 305 ; Madrid, 
38, 358; Munich, 169; National, 117; Paris, 35, 216 ; Texas, 259 ; 
Turin, 119. 

Adams Prize, 38. 

Address, Presidential, 84, 168. 

_— Presidential: The Century’s’Progress in Applied Mathematics, 

R. 8. Woodward, 133. 

Algebraic Solution of Equations, Vogt’s, J. Pierpont, 344. 

American Association for the Advan tof § , The Forty-eighth 
Annual Meeting of the. G. A. Miller, 57. 

Association, 32, 408. 

Mathematical Society, Sixth Summer Meeting, T. F. Holgate, 1; 

October Meeting, F. N Cole, 95 ; Sixth Annual Meeting, F. N. Cole, 

177 ; February Meeting, F. N. Cole, 267 ; April Meeting, F. N. Cole, 

365 ; December Meeting of Chicago Section, T. F. Holgate, 184 ; 

April Meeting of Chicago Section, T. F. Holgate, 373. 

Mathematical Society, Amendments of Constitution and By-Laws, 

267, 365 ; Annual Register, 117, 213 ; Chicago Section, 32; Election 

of Officers, 178 ; New Members Admitted, 2, 95, 177, 267, 365 ; Presi- 

dential Address, 84, 133, 168; Seventh Summer Meeting, 259, 408 ; 

Transactions, 213, 354. 

Physical Society, 85, 95, 177, 267, 365. 

Analysis, Kinematics, Mechanics and Astronomy. Villié’s Problems in, 
E. W. Brown, 115. 

Analysis, Méray’s Infinitesimal, E. O. Lovett, 204. 

Analytic Functions, Harkness and Morley’s Introduction to the Theory 
of, O. Bolza, 63. 

Analytic Theory of Partial Differential Equations of the First Order, 
Delassus’s, E. O. Lovett, 31. 

Andoyer, H., 35. 

Andoyer’s (H.) Theory of Forms and its Geometric Applications, H. S. 
White, 29. 

Andrews, G., 359. 

Annali di Matematica, 411. 

Announcements, Publishers’, 35, 87, 118, 169, 215-216, 260-261, 306-307, 
310, 355. 

Annuaire pour l’ An 1900 du Bureau des Longitudes, E. W. Brown, 252. 

Annual List of Published Papers, Ninth, 472. 

Meeting of the American Association for the Advancement of Sci- 

ence, The Forty-Eighth, G. A. Miller, 57. 

Meeting of the American Mathematical Society, The Sixth, F. N 

Cole, 177. 

- Register, American Mathematical Society, 117, 213. 

Applied Mathematics, The Century’s Progress in, R. S. Woodward, 133. 

Mathematics : Poinearé’s Kinematics and Mechanisms, Potential 
and Mechanics of Fluids, E. W. Brown, 249. 

April Meeting of the American Mathematical Society, The, F. N. Cole, 
365. 


Meeting of the Chicago Section, The, T. F. Holgate, 373. 
Aronhold, 169. 

Association, American, 32, 57, 259. 

Australasian, 306. 
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British, 33, 305. 
British Mathematical, 214, 260. 
German, 33, 216, 260, 263, 282, 305. 
German, for Mathematical Instruction, 408. 
International, for Promoting the Study of Quaternions, 169. 
Astronomical and Astrophysical Society, 85. 
Astronomy, Villié’s Problems in Analysis, Kinematics, Mechanics and, 
E. W. Brown, 115. 
Austin, W. H., 39. 
Australasian Association, 306. 
Authors of Articles in the Bulletin : 
Boécher, M., 279. Maddison, I., 113. 
Bolza, O., 63. Miller, G. A., 57, 103, 105, 337, 390. 
Brown, E. W., 27, 28, 115, Morley, F., 254, 398. 
116, 249, 252, 253, 402. Newson, H. B., 431. 
Cajori, F., 255, 257, 404, 405. Pierpont, J., 225, 282, 344, 452. 
Cole, F. ¥., 95, 177, 267, 365. Porter, M. B., 280. 
Dickson, L. E., 13. 203, 323, Schottenfels, I. M., 440. 


348. Scott, C. A., 163. 
Ford, W. B., 407. Snyder, V., 194, 319, 464. 
Hagen, J. G., 381. Sommer, J., 287. 
Hathaway, A. S., 74. Taber, H., 199. 
Holgate, T. F., 1, 184, 373. Timerding, H. E., 417. 
Hutchinson, J. I., 328. White, H. S., 29. 
Lovett, E. O., 30, 31, 78, 109, Whittemore, J. K., 352. 
204, 299. Woods, F. S., 339, 443. 
Maclay, J., 400 Woodward, R. S., 133. 


Autonne, L., 216. 

Baills, —, 217. 

Baire, R , 35. 

Ball, R. S., 35. 

Barton’s (S. M.) Theory of Equations, J. Maclay, 400. 

Beltrami, E., 169, 312. 

Benedict, H. Y., 40. 

Bennett, G. T., 35. 

Berlin Academy of Sciences, 169, 358. 

University of, 308. 

Bertrand, J. L. F., 312. 

Bianchi, L., 411. 

Bibliography, 41, 90, 120, 170, 219, 264, 312, 359, 413, 466. 

Bibliotheca Mathematica, 118, 408. 

Bigourdan, G., 216. 

Birtwhistle, T., 39. 

Bjerknes, V., 215. 

Blake, E. M., 170, 412. 
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